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Abstract

Our “long term and large scale” aim is to characterize the first order
theories T (at least the countable ones) such that for every ordinal
« there are \, My, Ms such that M; and My are non-isomorphic
models of T' of cardinality A\ which are EFZ s-equivalent. We expect
that as in the main gap [11, XII], we get a strong dichotomy, i.e.,
on the non-structure side we have stronger, better examples, and on
the structure side we have an analogue of [11, XIII]. We presently
prove the consistency of the non-structure side for 7" which is Ng-
independent (= not strongly dependent), even for PC(T1,T).
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1 Introduction
1.1 Motivation

We first give some an introduction for non-model theorists. A major theme
in the author’s work in model theory is to find “main gap theorems”. This
means finding a dichotomy for the family of elementary classes (e.g., the
classes of the form Mody = {M; M |= T} for some (complete) first order
theory T') such that each such class is either “very simple” or “very compli-
cated”. The motivation for this is that we expect to have much knowledge
to gain on the “very simple” ones.

Of course, this depends on the criterion for “very simple”. The main
theorem of [11] does this essentially for countable T, with “very compli-
cated” interpreted as “the number of models in Modr of cardinality A is
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maximal, i.e., 2%, for every A”.! Here we are interested with interpret-
ing “very complicated” as “for arbitrarily large cardinals, there are models
My, My € Modr of cardinality A which are very similar but not isomorphic”,
where “very similar” is interpreted as equivalent in the sense of Ehrenfeucht-
Fraissé games: These games have two players, the isomorphism player and
the anti-isomorphism player. The isomorphism player constructs during
the play, partial isomorphism of cardinality < A, in each move the anti-
isomorphism player demands some elements to be in the domain or the
range, the isomorphism player has to extend the partial isomorphism ac-
cordingly; in the play there are a moves, a < \; and the isomorphism player
wins the play if he has a legal move in each stage (cf. Definitions 2.3 and
2.5).

In the present paper we aim at finding the right variant of Ehrenfeucht-
Fraissé game that allows us to interpret “very complicated” as intended
(cf. the discussion after Definition 2.3); we then give quite weak sufficient
conditions for Modr being complicated. Let T' C T7 be complete first
order theories. We denote by PC(Ty,T) the set of reducts of models of
T1 in the language of T. We aim to show: If T is not strongly stable, «
is an ordinal and A > |T| (or at least for many such As) then there are
My, My € PC(Ty,T) of cardinality A which are EF;r s-equivalent for every

a < X but not isomorphic.?

1.2 Related Work

This paper continues the work of [13] and [1]. For a history of this research
area, cf. [19]. Recently, the author gave a new construction in [14] covering
also Ny; but, whereas it applies to every regular uncountable ), it seems less
amenable to generalizations.

By [11], for a countable complete first order theory T, we essentially
know when there are Lo x(7r)-equivalent non-isomorphic models of T' of
cardinality A for some A: this is exactly when T is superstable with the
NDOP and the NOTOP.? Instead of the property “L. (77)-equivalent
non-isomorphic”, we can consider “EF, x-equivalent non-isomorphic”. This
investigation was started by Hyttinen and Tuuri [5], and continued by Hyt-

tinen and the present author [2, 3, 4]. In this paper, we shall replace
“EF o x-equivalent non-isomorphic” by a technical variant “EFg y\-equiva-
lent non-isomorphic” (cf. Definition 2.5). By [2], if T is a stable, unsuper-

IMore information on the mentioned theorem can be found, e.g., in [17].

2For the definition of EFZ,A’ cf. Definition 2.5 below. This is a somewhat stronger
relative of the standard notion of being EF y-equivalent.

3Cf. §5 and [9]. In this paper, we shall be referring regularly to the standard no-
tions of classification theory, the “dimensional order property” (DOP) and the “omitting
types order property” (OTOP). Theories without these properties are called NDOP and
NOTOP, respectively. Definitions will be given in §1.3.
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stable, complete first order theory, A = pu, u = cf(u) > |T|, then there are
EF, xw x-equivalent non-isomorphic models of T (even in PC(T1,T)) of car-
dinality A. By our new variant EFJr y-equivalent, such results are excluded;
by it we define our choice test problem the version of being fat/lean, cf. the
definitions in §1.3.

Among the variants of strongly dependent theories (cf. [0, §3], [7, 18] and
[7, §85]), the best relative for us is “stronglys dependent”. We define this
below (Definition 3.6), but we delay the treatment to a subsequent paper,
[8], where we also deal with the relevant logics and more.

We prove here that if T is not strongly stable then T is consistently
fat. More specifically, for every u = p<# > |T| there is a u-complete class
forcing notion P such that in VF the theory T is fat. The result holds even
for PC(T4,T). This gives new cases even for PC(T") by Example 1.1.

Also if T is unstable or has the DOP or OTOP (cf. the definitions in
§1.3 or [11]) then it is fat, i.e., already in V.

Of course, it is not optimal to have to force the example, but note that
such a result is certainly enough for proving there is no positive theory.
Hence it gives us an upper bound on the relevant dividing lines.

1.3 Notation and basic definitions

Let us fix our model-theoretic notation. We fix a first-order theory 7. By
Modr(A) = ECr(A) we denote the class of models of T of cardinality A;
Mody = ECr := J{ECr()A) : X a cardinality}. If T is a theory or a
sentence in a vocabulary 77 2 7, we write PC.(T) = {M |7 : M a model
of T} (and if 7 = 77 we may omit 7). If T C T are complete first order
theories then PC(T1,T) = PC, (1) (T1). B

If @ is a sequence, we denote its length by 1h(a); by a < b we mean that
@ is an initial segment of b; and by @« we denote the unique initial segment
of @ of length « for o < 1h(a).

For regular A > R, we say that (E,u) is a witness for S if (a) E
is a club of the regular cardinal X; (b) u = (us : @ < A),a, C a and
B € an = ag = BNay; and (c) for every § € EN S, us is an unbounded
subset of § of order-type < § (and § is a limit ordinal). For a regular
uncountable cardinal X let I[\] = {S C A :some pair (E,a) is a witness for
St.

If I is a linearly ordered set, we let incry(I) := {p : p is an increasing
sequence of length o of members of I}; similarly incre, (I) := (J{incrs(I) :
B < a}. So instead of [I]<N we may use incr,, ().

For a model M,a € *M,B C M and A a set of formulas, we are in-
terested in formulas of the form ¢(Z,7), T = (z; : ¢ < a). Here, a may
be infinite, but the formulas are normally first order, so all but finitely
many of the x;’s are dummy variables. We write tpx (@, B, M) := {p(Z,a) :
o(Z,7) € Aand b€ MW A and M | ¢la, b]}.
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Let Ayt be the set of quantifier-free formulas in £(7a7) and write tpgs
instead of tpa ;. By I(),T) we denote the number of isomorphism types of

models of T' of cardinality A; by (A, T) we denote the number of isomor-
phism types of M [7 for a model M |= T of cardinality A; and by IE.(\T)
we denote the supremum of {|K| : K C PC,(T), all M € K have cardinal-
ity A, and no M € K has an elementary embedding into any N € K\{M}};
finally, we write I ET()\,T) =7 y if the supremum is obtained if not said
otherwise. We let TE(\, T) := fET(T)()\,T).

Let T be a first order complete theory. We say that T" has the OTOP
(“omitting types order property”) when T is stable and for some n, m letting
T=(xg:L<n),g=(ye : £ <n),z=(z : { < m), there are complete
types p(Z, g, Z) such that for every A there is a model M of T and a, € "M
for o < X such that (@, : o < ) is an indiscernible set and for a # 3 < A
the type p(@a,ap, Z) is realized in M iff @« < . We say that T has the
NOTOP when it is stable but fails to have the OTOP.

We say that T has the DOP (“dimensional order property”) when T is
stable and we can find |T|*-saturated models My of T for ¢ < 3 such that
My < My < Mj for £ = 1,2 and tp(My, Ms) does not fork over My, M;
is |T|*-prime over M; U Ms but not |T'|"-minimal over it; equivalently for
every ¢ € ¥~ (Mj) the type tp(c, M1 U My, M3) is |T'|*-isolated but there is
no infinite I C M3 which is indiscernible over M; U M>. We say that T has
NDOP when T is stable and fails to have the DOP.

Furthermore, we say T is fat when for every ordinal x, for some (regular)
cardinality A > k there are non-isomorphic models M7, My of T of cardi-
nality A which are EFE’H,H} y-equivalent for every § < A (cf. Definition 2.5
below). If T is not fat, we say it is lean. We say the pair (T,T}) is fat/lean
when (77 D T is a first order theory and) PC(T1,T) := {M|mr : M a
model of T1} is as above. We write that (T, %) is fat when for every first
order Ty D T the pair (T,Ty) is fat. We say that (T, ) is lean otherwise.

The results in this paper (mainly Theorem 4.1) seem to cover cases of
stable T" with the NDOP and the NOTOP. But there are more examples
(cf. [7, §5] for details):

Example 1.1.

1. There is a stable countable complete theory with the NDOP and
the NOTOP which is not strongly dependent; (moreover not is not
strongly, stable), cf. [7, §5](G).

2. T = Th(**(Z2), E;)n<w is as above where Zo = 7Z/27 as an additive
group, E, = {(n,v) : n,v € “1(Zy) are such that n[(wn) = v|(wn)
where we interpret Zs as the additive group (so (Z/2Z,+,0)) and
“1(Zsy) as its wy-th power as an abelian group.
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Definition 1.2. For a complete first order theory T, we say that 1 is a
(4, K, T)-candidate if

1. ¥ € L+ (i) for some vocabulary 7, O 7 of cardinality < &,

3. for some ® € Y satisfying 7¢ O 75 and EM(“Z\,®) = ¢ for
every (equivalent some) A and ® witness T is not superstable (for a
definition of Y« cf. Definition 3.2).

Recall that by [11, VIIJ:

Claim 1.3. If a first order complete theory T is not superstable then for
some ® € Y™ (cf. Definition 3.2) and 7 2 7(1) of cardinality s, ®
witnesses that 7' is not superstable, i.e., for some formulas ¢, (z,7,) €
L(rp), it I =Y\, M = EM(I, ®) then for n € YA, n < w and @ < A we have
M ': San[dna a(nﬁn)”(a)] iff oo = 77(”)

Definition 1.4. Fix a structure I.

1. We say that (a; : t € I) is indiscernible (in the model €, over A,
if A = @ we may omit it) when (a; € "™@)¢ and) 1h(a,;), which
is not necessarily finite depends only on the quantifier-free type of
tin ] and if n < wand § = (S0,51,---,8n—1),t = {to,---,tn-1)
realize the same quantifier-free type in I then a; := a¢,~ ... G, _,
and @z = Gs,” ... ds,_, realize the same type (over A) in €.

2. We say that (@, : u € [I]<) is indiscernible (in €, over A) if n <
W, Wy -+, W1 € {0,...,n—1}and §= (s, : £ <n),t = (t; : £ <n)
realize the same quantifier-free types in I and ug = {sy : k € we},vp =
{tx : k € wy} then @y~ ... 0y, _,, 80y -.- " Gy,_, realize the same
type in € (over A).

2 Games, equivalences and questions

We shall define a new notion of equivalence of models below, EF;LIr \-equi-
valence. Why do we use this particular notion of equivalence? Consider
for various s the game G)(Mi, M,) where My, My € Modr () and T is
a complete first order L£(7)-theory (cf. Definition 2.3). During a play we
can consider dependence relations on “short” sequences from M, (where
< 2I71+R0 §5 the default value), definable in a suitable sense. So if T is a well
understood unsuperstable theory like Th(Yw, E,)n<o with E, := {(n,v) :
7,V € Yw and nin = v[n}, then even for v = w+2 we have E;)\—equivalence
implies being isomorphic. This fits the thesis:



138 S. Shelah

The desirable dichotomy characterized, on the family of first order
T, by the property “Mi, M2 € Modr(A) are long game EF-equiva-
lent iff they are isomorphic”, is quite similar to the one in [11, XIIIJ;
the structure side is, e.g., T is stable and every M € Modr is prime
over some |J{M, : n € I}, where T is a subtree of "“~(T)>||M||
and nav = M, < M, < M,||M,|| < 2Tl and n<v € I implies
tp(M,,U{M, : p € T,pl(lh(v) + 1) # n[(lh(r) + 1)) does not fork
over M,, i.e., M = (M, : n € T) is a non-forking tree of models with
< kr(T') many levels.

We think the right (variant of the) question is described as follows. In
[11], the original question was about the function A — I(\,T), but the
answer is more transparent for the function A — IE(), T). fAx=pt,u=
p™h = cf(u), T = Th(*w, Ep)n<w then (by [2, Th4.4]) for v > uw, we get
that equivalence implies isomorphism, but not for v < pw; now our Theorem
2.6 is parallel to that. This seems to indicate that EF,J;/\ is suitable for the

questions we are asking: it uses the game EF T, which is more complicated
but the length of the game is much “smaller” in the relevant results.

Question 2.1. Classify first order complete 7', or at least the countable
ones by:

Version (A);. For every ordinal o, there are a cardinal A and non-isomorphic
My, My € Modr(\) which are EF: y-equivalent (at least, e.g. in some

VE P is (2!T1+lel)+_complete forcing notion).
Version (A)g. Similar version for EF, .

Version (B);. For every cardinal x > |T| and vocabulary 71 2 77 and
Y € Ly (1) such that PC, (1) € ECyp has members of arbitrarily
large cardinality we have (a) = (b) where

(a) for every cardinal p in PC.(¢) := {M|7 : M a model of 9}
there is a u-saturated member, and

(b) for arbitrarily large o < A there are My, My € PC,(¢) of cardi-
nality A with non-isomorphic 7-reducts which are EF;r \-equiva-
lent.

Version (B)g. Like (B); for EF, .

Version (C);. Like (B); using ¢ = ATy where T3 2O T is a first order
theory.

Version (C)g. Like (B)g using ¢ = ATy where T3 D T is a first order
theory.
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If the reader is interested to know the reasons to prefer version (B) over
version (C), we refer him or her to [17]. Now by the works quoted above,
(cf. [3, 3.19] quoted in Theorem 5.1 below), we get that T satisfies (A)g
iff T is a superstable theory with NDOP and OTOP iff (B)y. Of course,
if we change the order of the quantifier (to “for arbitrarily large some A
for every av < A...”) this fails, but we believe solving (A); and/or (B); will
eventually be useful for this case as well. We sum all of this up in the
following conjecture.

Conjecture 2.2. For a complete (first order) T the following are equiva-
lent:

(a) for every ordinal « there is some A and there are non-isomorphic,
EFz y-equivalent models My, My € EC7()),

(b) for arbitrarily large A and for every a < A there are non-isomorphic,
EF;)\-equivalent models My, My € ECr(A),

(c) for every sufficiently large regular A there are non-isomorphic My, My €
ECr()\) which are EFz \-equivalent for every o < A.

And similarly for “some Ty O T, PC(T1,T) is lean.”

We conjecture that we can prove Conjecture 2.2 if we prove that a (count-
able) fat T is close enough to superstable. Such a result will enable us to
generalize proofs in [11, XII] (only now the tree has < w; levels rather than
w levels).

Definition 2.3. If M;, M> are models with the same vocabulary and «
is an ordinal and p is a cardinals, and if f is a partial isomorphism from
M to My, we define the game G5 (f, My, M2) between the players ISO, the
isomorphism player and AIS, the anti-isomorphism player as follows:

(a) A play lasts @ moves.

(b) After 3 moves a partial isomorphism fg from M; into M is chosen,
increasing continuously with (.

(c) In the (8 4+ 1)st move, the player AIS chooses Ag1 C Mi, Ago C My
such that |[Ag | + |Ap2| < 14 p and then the player ISO chooses
fa+1 2 fa such that Ag1 C Dom(fg+1) and A2 C Rang(fs41).

(d) If 8 = 0, ISO chooses fo = f; if 8 is a limit ordinal ISO chooses
fo=U{fy - v <8}
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Player ISO loses if he had no legal move for some 8 < «, otherwise he
wins the play.

A few notational conventions: Replacing o by <a means “for every
B < o’ If pis 1, we may omit it, and we may write < p instead of u™.
Furthermore, if f = @ we may write G} (M, Mz).

Based on Definition 2.3, we now say that M;, Ms are EF,-equivalent
if the isomorphism player has a winning strategy in the game G¢(M7, Ms),
and My, Ms are EF, ,-equivalent or G;-equivalent if the isomorphism player
has a winning strategy in the game G¢(Mi, Mz) defined below.

Let us discuss why we need a more complicated notion EF T at all? First,
if we like a parallel of [11, XIII], i.e., a game in which set of small cardinality
are chosen (e.g., |T| or 2/T1) rather than just < A = | M|, clearly EF,,,
cannot help.

Also, consider A\ = pt,u = cf(p) > |T| and an ordinal & < X and
ask for which T “Does EF, x-equivalence imply isomorphism for any two
models My, My of T of cardinality A?” Now we know (by earlier works, cf.
Corollary 5.7) for countable T that if a € [w, r X w] that the answer (for the
pair (a,\)) is as in the main gap for IE (T superstable with NDOP and
NOTOP). But for larger o < \ this is not so, as, e.g., for the prototypical
stable unsuperstable T' for « = p x (w + 2) we get the answer “yes, it is
low”.

Let us consider the reasons for this. In other words, why do we need
i X (w+ 2) moves, not (w+ 2) moves? Based on this question, we shall
now formulate EFJr We think that with EF y for small «, 0, p and just
A = || M| we get the desired dichotomy. In general we expect the results
will be robust under choosing such an exact game; and will resolve the case

€ (p x (w,2),\) above.

More specifically, the reason why EF, y-equivalence does not imply iso-
morphism for My, My € EC,(T), even in the case T = Th(“w, Ep,)n<w,
is the following: Fix a winning strategy st for G, (M, Mz2). If we let
<a£/E{W s < A) list Mg/E{W and R = {(«,3) : in some short initial
segment x of a play of G, x (M, Mz) in which the player ISO uses the strat-
egy st, we have f;(aa)EfW?a%}, we have to find a function h from A onto
A whose graph is C R. Now being in a winning position is only enough to
show the existence of such A when the game is long enough. For EFI,e this
changes.

Definition 2.4. We call subsets R C [X]|<Y0 pre-dependence relations on
X. We say Y C X is R-independent when [Y]<¥ N R = @; of course, an
index set with repetitions is considered dependent. We say R or (X,R)
has character < x when for every R-independent Y C X and {z} C X for
some Z € [Y]<" the set (Y\Z)U{z} is R-independent. We say that R is a
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k-dependence relation on X (if k = 1 we may omit it) when R is a subset of
[X]<Ro, if k = 0 then R = [X]<®_ if k¥ = 2 then R-independence satisfies
the exchange principle (so dimension is well defined, as for regular types),
and if K = 1 then R is trivial. We say R is trivial when for every Y C X, Y is
R-independent iff every Z C [Y]<2, is R-independent. For a 1-dependence
relation R, let Er = {{z1,22} : 21 = 22 € X or {x1},{z2} € R or
{z1,22} € RA{x1} ¢ R A {z2} ¢ R} is an equivalence relation on X;
pedantically we should write Ex r.

Definition 2.5. For an ordinal v, cardinals § < p, vocabulary 7 and 7-
models My, Ms and partial isomorphism f from M; to Ms, we define a
game g;fgf " \(f, My, M5), between the player ISO (isomorphism) and AIS
(anti-isomorphism).

A play last v moves; in the Sth move a partial isomorphism fg from
Mj to My is chosen by ISO, extending f, for o < (8 such that fo = f and
for limit 8 we have fz = |J{fa : o < 0} and for every § < « the set
Dom(fg+1)\Dom(f3) has cardinality < 1+ p; let fé be fgif £ = 1,]“51 if
¢ = 2. During a play, the player ISO loses if he has no legal move and he
wins in the end of the play iff he always had a legal move. In the (8 + 1)st
move, the AIS player does one of the following cases:

Case 1. The AIS player chooses Ay = Aé C M, for ¢ = 1,2 such that
|A1] 4+ |A2] < 1+ p and then ISO chooses fz as above such that A, C
Dom(fé) for £ =1,2.

Case 2. First the AIS player chooses® a pre-dependence relation R, on
9>(My) and Ay C 9> (M) of cardinality < A for £ = 1,2 such that:

(a) if k = 0 then Ry = [?>(M;)]<N0, so really an empty case

(b) if k = 1,2 then Ry is a k-dependence relation

(c) if k=1,2and £ = 1,2 and n < w and @y, . .., a,_1 € > (M,) then the
truth value of {ag,...,a,—1} € Ry depends just on the complete first
order type which (ag,...,a,—1) realizes on Dom(fé) inside the model
M.

After that, player ISO does one of the following:

Subcase 2A. First, assume k = 2. The player ISO chooses <(‘_1c1;7 Fz%) (<
A) such that for £ =1,2:

() for each ¢ < A there is some € < 6 such that dé € <(M,)

4Note that for k = 0, 1 we require “L(77)-definable R, such that f maps the definition
of R1 to the one of Ra”; moreover we expect that we can demand it is as in the case of
using regular types.
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(8) <df : ¢ < \) is independent for Ry
(7) each a € A, does Ry-depend on {af : ¢ < A}.

Then AIS chooses ¢ < A and ISO chooses fzy1 2 f3 such that fg(dé) = d%.

Now assume k = 1. Then player ISO chooses equivalence relations FEy

n > (M,) which refine the relations Er, (cf. Definition 2.4) and equality of
length, and chooses a function h from the family of E;-equivalence classes
onto the family of Es-equivalence classes which preserve cardinality up to
)\; that iS, if h(dl/El) = C_IQ/EQ then lh(dl) = lh(dg),min{dim(&l/El), )\) =
min{dim(as/E>), A}.

Then the AIS player chooses a pair (a;,as) such that a, € %> (M) for
¢ = 1,2 such that h(a1/E1) = (a2/E2) and ISO has to choose fzi1 2O fg
such that f(ai) = as.

Subcase 2B. The player ISO chooses fg+1 2 fs as required such that
for some n < w and a; € *Dom(fs) for £ < n we have: {a},...,a:_,} is
R;-dependent iff {f5(ad),..., fa(@:_,)} is not Ro-dependent.

Based on Definition 2.5, we say that models M;, My are EF;’:’M)/\—

equivalent (k € {0,1,2}) if the player ISO has a winning strategy in the
game glj,g%/\(Ml,Mg). In this, we always assume Rg < 0 < pu. If p =
min{ || M|, || Mz}, k& = 1, or § = (2I7(M)l+X0)+ e may omit these param-

eters.

Theorem 2.6. Let T = Th(“w, Ep)n<w with E, = {(n,v) : n € Yw,v €
“w and nin = vin}. Then if M; and M> are models of T of cardinality A
that are EF' L2808, A-€quivalent, they are isomorphic.

wr2,80,8%0,

Proof. We choose a winning strategy st of the isomorphism player in the
game G, 421,800 (M1, Ma).

STEP A. By the choice of T for £ = 1,2 we can find 7y, a; such that 7; is a
subtree of “>\, a, = (al), : n € Tp), al, € My, and if € Ty and lh(n) = n
then (al/En", : v € sucq,(n)) lists {b/EM, b€ Myand b € ay /E}
without repetitions. Let Ty, = {n € 7y : 1h(n) = n} and let Ty, = {n €
“X : nin € Ty for every n < w}. Lastly, let iy = (,uf; :n € Ty, where

/Jf; =|{beM;:be af;m/EMZ for every n < w}|.

STEP B. Clearly M7, M, are isomorphic if and only if there is an isomor-
phism A from 7; onto T (i.e., h maps 7Ty ,, onto 73 ,,, h preserves the length,
n<v and 1 4 v) such that letting h,, = h|7; , and h,, be the mapping from
71, onto T, which h induces (so ho(n) = U, <., An(nin)) we have that
n € 11, implies ,u717 = ﬂi(n).
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STEP C. By induction on n we choose h,, X, such that h,, is a one-to-one
mapping from 77, onto T3, if m < n and n € 71, then h,(nim) =
(hn(n))Im, X, = <X:7L : 1 € Thp), and

1. (a) xj is an initial segment of a play of the game O, 42 x, %, (M1, M2),

(b) in x; only finitely many moves have been played (can specify),
the last one is m(xy),

(c) in x,,, the player ISO uses his winning strategy st.

n

2. It m € Th,, and 12 = hy, (1) then for some by € Dom(fx"’ )) we have

m(xp
b € al/EM and f;qu(bl) €ai )/ EN2.

3. lf van €Ty p then x) s an initial segment of x;.

Why does the induction work? Note that hg is uniquely determined. As
for x%, any x as in 1. is fine, as long as at least one move was done (note

that Eé\/[’v’ has one and only one equivalence class). In the successor step,
n=m+1, Ay, Xy, has been chosen. Let 1 € T3, and let 72 = hy, (1) and
F,, = {(v1,v2) : v1 €sucy, (m), 2 € sucy,(n2) and there is x as in 1. such

that x is an initial segment of x and for some b; € Dom( fj:l(x)) we have

by € al /EM and f*(b1) € a2, /E)?}. Now to do the induction step, it
suffices to prove that: if 71 € 77 ,,, then there is a one-to-one function A, ,,
from sucy; (n1) onto sucy, (n2) such that v € sucy, (m) = (v, hn, (v)) € Fyy,
However by Case 2 in Definition 2.5 this holds.

STEP D. So we can find (h, : n < w),(x, : n € T1) as in STEP C. Let
h:=UJ{hn : n < w}, clearly it is an isomorphism from 7; onto 75 and h,,
is well defined (cf. STEP B). So it is enough to check the sufficient condition
for My = Mj there, ie., n € Ty, = p14 = plo,h, (y)- But if n € 7y, then
(Xpin @ m < w) is a sequence of initial segments of a play of G with ISO
using his winning strategy st, increasing with n, each with finitely many

moves. S0 X,, defined as the limit (x,;,, : n < w), is an initial segment of
the play G, with < w moves and fm(x y = UG ey @< W}
ln
Clearly if n < w, then f(a,,)Epa; (nln As we have one move left
and can use Case 2 in Definition 2 we are Jone Q.E.D.

The following claim says that the games in Definitions 2.3 and 2.5 are
equivalent, i.e., the ISO player wins one iff he wins the other (when A =
T, < X divisible enough).

Theorem 2.7. Let My, My are 7-models, )\V: )\f7)\1 >pand 0 < p <A
and v < g and cf(p) < p= A1 > p and X € I[\]. Define y(x) := Ay X 7.
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1. Assume that My, My are EF,(, ,-equivalent and that |[My|| = A =
A<Y for £ =1,2. Then M;, M, are EF,JYFG uoa-eéquivalent.

2. If My, M5 are EF;Q’“’)\-equivalent7 they are EF,, ,-equivalent.

3. If 7 < 72791 < 927U1 < M27/\1 < Az and My, My are EF’¢27927M2,>\2_

equivalent, they are EF%,@M i, A, "équivalent.

Proof. To show 1., let us assume (x) = Ay X A\; x 7. Let st be a winning
strategy of the player ISO in the game gl(*). We try to use it as a winning
strategy of the ISO player in the game G, g, (M1, Mp). Well, the fX
may have too large a domain, so in the Sth move ISO plays as auxiliary
moves xg for G, and Aé C Dom(f*#) of cardinality < p (or < p if
p > cf(u) A B > cf(u)) and he actually plays f*¢[A}, ie., is an initial
segment of a play of G, , of length 8 in which the ISO player uses the
strategy st such that [61 < 8 = xgs, is an initial segment of xg].

The only problem is when 8 = o + 1 and if Case 2 of Definition 2.5
occurs, i.e., with player AIS choosing R},, R%. We may for notational sim-
plicity choose ¢ < 6 and deal only with A, N¢(M,) for £ =1,2.

We can consider xg extending X,; if it is as required in Subcase 2B
of Definition 2.5 we are done. Let Fé = {(@1,az) : for some ¢ < 6,
ag € (M) for £ = 1,2 and there is a candidate xz for the Gth move
such that f"ﬁ(al) = ag}. Let F% = {(@2,@1) : (al,ag) S Fé}, .A} = Ay,
A7 = {a € Ay : the number of b such that (@,b) € Fj is < A}, and
A} = A7 U{a : for some b € A3_, we have (a,b) € Fi}. So |A7| < X by
the assumption and let <d€ : ¢ < \) list A3 possibly with repetitions. Then
by the basic properties of dependence relations, it is enough to take care of
A2 N Ay for £ =1,2. So we can continue.

Let S be the set of limit ordinals § < A such that: for a club of §, €
[0, A) of cofinality Ry we can find <Ef 2 ¢ € [9,04)) for £ = 1,2 such that
Z_)f € {dg : £ €1[6,00)}, (l_)é,l_)g) € Fj, <5§ : ¢ € [0,64)) is Ry-independent
over {dg : ¢ < 0}, and if ¢ < 4, and dé € Ay then dg does Ry-depend on
{dé (< 6}U{5€- cCE€6,0.)})

If S is not stationary we can easily finish (we start by playing w moves
in gg) So assume S is stationary, hence for some regular ¢ < \; the set
S'={6 €S : cf(§) = o} is stationary. By playing o + w moves (recalling
A € I[\]) we get a contradiction to the definition of S.

Claims 2. and 3. are obvious. Q.E.D.

In Theorem 2.7, Claim 1., to get the exact y(*), we combine partial
isomorphisms. So we simulate two plays and use the composition of the
fX3’s from two plays where each player ISO uses a winning strategy st.
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Proposition 2.8. Define a variant of Definition 2.5 as follows: in Case 2
use a dependence relation Ry on & x 9> (M) (or equivalently C x > (M)
for a set C of cardinality < k). If x < 2<% we get an equivalent game.

In Proposition 2.8, we can replace 2<? by a larger cardinal for “interest-
ing” cases of M7, Ms.

Proof. Without loss of generality, |[M,|| > 1, now let (7, : a < &) be a
sequence of pairwise distinct members of *>2. now we define F : > (M;) —
9>(Mjy) as follows: for a € 9>(Mg) let i(a) = min{i : 2¢ > 1h(a) or 2i+1 <
Ih(a) A azi # azit1} and na = (tv(azia)ra12; = Goi(a)+242i+1) © J =
0 and 2i(a) + 2+ 25 + 1 < 1h(a)) (where tv stands for “truth value”), and
af@) = Min{ae < k : ifa < kthenn, = ng}. Finally, let Fy(a) be
(a(a),(az; : j < i(a))) if i(a) < lh(a) A a(a) < &, and (0,a) otherwise.
Define R, := {A : AC % (M;) and {F(a) : a € A} € R or for some a’ #
a’ € A we have F(a') = @’}. Now check. Q.E.D.

Proposition 2.9. Let K be a class of 7g-structures and ® € YT[K] (cf.
Definition 3.2), used here for the class K = K, of linear orders and K; (cf.
Definition 3.1). Suppose that the structures I, I are EF NP -equivalent,
that M, = EM, (I, ®) for £ = 1,2 for some 7 C 7¢, and that u > Ng and
|7e| < 6. Then M, My are EF;(,%A-equivalent.

Proof. Let st be a winning strategy of player ISO in the game gie%k(h, I,).
We define a strategy st. of player ISO in the game g,t&“’)\(Ml, My) as fol-
lows.

During a play of it after 3 moves a partial isomorphism f from M; to
M> has been chosen, but player ISO also simulates a play of Q7 0.0, U1, I2)
in which we call the function h,, and in which he uses the winning strategy
st and f, C iza where ﬁa is defined by

iLa(o'Ml (atov s 7atn—1)) = O'M[ (aha(t0)7 cee 7ah(,(tn—1))

for n < w, a term o(xo,...,xn—1) of 7¢, and tog,...,tp—1 € Dom(h,).

Why can ISO follow this strategy st.? Suppose we arrive in the [th
move. The point to check is Case 2 in Definition 2.5, so the AIS player has
chosen Ry, Ro, Ay, Az as there. Let {o¢(Z¢) : ¢ < 2<% list {5() : o(z) =
(04(%) : i <1h(7)),1h(5) < 0,1h(Z) < € and each o; is a Tx-term. Clearly
0>(My) = {6?/[2 (t) : ¢ < 2<% and t € "(@)(1,)}, so by Proposition 2.8, we
can assume “Ry is a dependence relation on {((,%;) : ¢ < 2<% % € ?(Iy)
and 1h(f) = lh(t¢)}”. Le, R) = {u : {aéw‘(f) : (¢, 1) € u} € Ry or there
are (C1,t1) # (Ca,1t2) from u such that O'é\i[" (ag,) = Jé\f‘ (@z,)}- The rest is
clear. Q.E.D.
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3 The properties of 7" and relevant indiscernibility

In [L1, VIII], [15, VI] we use as indiscernible sets trees with w + 1 levels,
suitable for dealing with unsuperstable (complete first order) theories. Here
instead we use a linear order and family of w-sequences from it, suitable for
our case. In the following, the letters “oi” stands for “order” and “increas-
ing” (w-sequences).

Definition 3.1. We let Kj\’i be the class of structures J of the form
(‘LQ;P <7Fn)n<w - (|J‘,PJ7QJ,<J7F7‘1])3

where J = |J| is a set of cardinality \, <7 a linear order on Q7 C J, PY =
|[JI\ @7, FJ a unary function, FJ [Q7 = the identity and a € J\ QT implies
Fl(a) € Q7, n # m implies F (a) # F3J (a), and for simplicity a # b € PM
implies \/,,_ Fn(a) # F,(b); lastly, we add that n < m implies FJ(a) <’
FJ(a) (there is a small price). We stipulate FJ = the identity on |J| and
I’ =(Q7,<7). We write Ko; := J{K! : X a cardinal}.

For a linear order I and & C incr,,(I) (cf. Definition 1.4), welet J = J; o
be the derived member of K, which means: |J| = TU&,(QVl,<7) =
I,FI(n) =n(n) forn <w,FI(t)=tfortel.

Finally, K" is the class of linear order of cardinality A and K, =
U{KS" : A a cardinal}.

Definition 3.2. For a vocabulary 7 let T?i be the class of functions ®
with domain {tp(¢,2,J) : ¢ € “>[J|,J € K°} and if q(zo,...,sm-1) €
Dom(®) then ®(q) is a complete quantifier free n-type in L£(m) with the
natural compatibility functions.

Let Y9 = {® : ® € T2 for some vocabulary 7y of cardinality x}. For
® € TP let 7(P) = 79 be the vocabulary 71 such that ® € T2,

For ® € T and J € K° let EM(J, ®) be “the” 7¢-model M; generated
by {a; : t € J} such that

tqu(<atov e, ), D, M) = (I)(tqu«th cestn-1), 2, J)

for all n < wand ¢t € "J. If 7 C 79 then EM,(J,®) is the 7-reduct of
EM(J, ®).

In the above, we can replace K,; by any class K of Tx-structures. For
instance, for K = K., the class of linear orders, we get T2/, T2' and
EM(I,®), EM,(I,®); for K = K“' the class of trees with w + 1 levels
(with a linear order on the successor of any member of level < w), we get

T, Yo and EM(I, @), EM, (I, ®).

The following definitions are from from [0, §3]; cf. [7, §1].
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Definition 3.3. A (complete first order) T is Wg-independent (or, not
strongly dependent) if there is a sequence ¢ = (p,(x,y,) : n < w), of (first
order) formulas® such that T is consistent with 'y for some (equivalently,
every) A > Ny where

Iy= {<Pn($n,ﬂ3)if(a:"(")) tneEYNa<\n<w}
A theory T is strongly stable if it is stable and strongly dependent.

Proposition 3.4. If T'is a complete first order theory which is not strongly
dependent, and 77 D T is another complete first order theory (without loss
of generality with Skolem functions), then we can find @ = {(p, (2, 7,) : n <
WY, Un < Gng1 and @p (2, Gn) € L(77) for n < w such that for any J € K,;
we can find M, (a; : t € J) such that

e M is the Skolem hull of {a; : t € J},
e G, €M for t € I',a, = (a,) € M for n € PJ,

o forn € Pt € Q' and n < w we have M | ¢, [a,,a;) iff F,(n) =t;
(pedantically we should write ¢, (ay, a:[1Th(yn))),

(a; : t € J) is indiscernible in M for the index model J,

M is a model of T7, and

in fact (not actually used, cf. Definition 3.2) there is ® € T“)}l‘ de-

pending on T3, ¢ only such that M = EM(J, ®), in fact if n < w,t =
(te : £ <n) €J then tpgs(as,~ ... ar,_,,d, M) = O(tpy(t, 2,J)).

Proof. Let I = (Q7,<j3). By assumption (cf. Definition 3.3) there is a
sequence (@], (x,¥n) : n < w). Let k, = 1h(7n).

Let I be an infinite linear order. Easily we can find M; = T7 and a
sequence (a; : t € I) with a; € “(M;) such that for every n € “I, the set
{on(,a) M=) . t € I'n < w} is a type, i.e., finitely satisfiable in M;.

Now by Ramsey’s theorem, without loss of generality, (a; : t € I) is an
indiscernible sequence in M;. Without loss of generality M is A*-saturated,

N
we then expand M; to M;" by function i (n < w), (of finite arity)
such that for ¢ty <j ... <3 t,—1 from Q7 the element Fo(aty, Gty .. -0, ;)

or more exactly Fy(a, ko, G, [k1,..., G, , [kn—1) realizes in M; the type
{@e(z,a,) 1=+ t € [0 < n}. Let My be an expansion of M;" by
Skolem functions such that |TM2+| = |Ty|, (natural, though not strictly re-

quired). Without loss of generality (a; : ¢t € I) is an indiscernible sequence
also in M;r .

5We may use finite Z as usual. This does not matter by [7, 2.1].
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Let D be a non-principal ultrafilter on w and in M;" = (M;)“/D, we
let @y = (a; : n <w)/D for t € I, and ay, = (F(@y(0), An(1)s - - > Ap(n—1)) °

n < w)/D for n € incr,,(I) and @} = &’<F3(t):n<w> for t € PJ.
Let M, be the submodel of M generated by {a} : t € J} and M be
M 7(Ty). Now M, {(a; : t € J) are as required. QE.D.

Proposition 3.5. Assume J, € K;, and that My, @, T1, and T are as in
Proposition 3.4 for ¢ = 1,2. Suppose that the following holds:

If f is a function from J; (i.e., its universe) into M| x,(J2) (i.e., the
free algebra generated by {z; : t € Jo} in the vocabulary 77, |z, = {FJ :
n < w and a < |Th|}, FZ has arity n, cf. [15, IIL§1] = [16]), we can find
t€ P n<w, and s1,s0 € Q1 and k,0,7¢(f = 1,2 and i < k), m,o* such
that:

F;lIl (t) =51 75 S92,

o for £ € {1,2} we have f(s¢) = o(rf,..., 76 ;) so k < w,rf € Jy for
i <k and o is a 77, | n,-term not dependent on /,

o f(t)=0"(ro, - ,"m-1),0" is a 7|7, x,-term and rq, ..., 71 € Jo,
e thesequences (r} : i < k) (r; i <m)and (r? : i <k)™{(r; : i <m)

realize the same quantifier free type in J,.°
Then M1 FTT % M2 rTT.
Proof. Straightforward (or as in [15, Ch.III] = [16]). Q.E.D.

We could have replaced Q7 by the disjoint union of (QJ : n < w), where
<7 linearly orders each Q7 and <7= (J{< [QJ! : n < w}. In this case, use
Q@ to index parameters for ¢, (x,9,)). This plays no role in the present
paper. For our present purpose, we can replace “not strongly stable” by
a weaker demand. We present this briefly without detail. Recall (from [7,
§5]) the following definition:

Definition 3.6. A (complete first order) theory 7' is not stronglys depen-
dent if there is a sequence ¢ = (n(Z,¥n) : 1 < w), (finite T of length
m < w, as usual) of (first order) formulas from L(77), an infinite linear
order I, a sequence (@, : n € incr«,,(I)) indiscernible in M with lh(a,) < w
and letting B = | J{a, : n € incr<,,(I)) for some m < w and p € S™(B, M)

SWe should close by the FT‘LIQ’S7 but no need to iterate as F;zz 1Q72 is the identity so
quantifier free type mean the truth value of the inequalities Fy,, (r') # Fp, (r’) (including
F,,) and the order between those terms.
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for every k < w there is n < w, satisfying: for no linear order I extending
I and subset Iy of IT with < k members, do we have:

if £1, £ are increasing sequences from I of the same length n realizing
the same quantifier free type over Iy in IT and for i = 1,2 we

let El = ( .. A(El“z(z) : £<1h(n)) [n)” .. -)neincr<w(n) then £ < nAu g (®)

Ih(b) A |u| = 1h(ge) implies @y(z, b [u) € p < po(Z,b*[u) € p.

In the above, without loss of generality, ¥, < ¥n4+1 for n < w. A theory
T is strongly, stable if it is stable and strongly dependent.

We can write the condition in Definition 3.6 without It speaking about
finite sets as done in (x) in the proof of Proposition 3.7 below. We further-
more can get such (@), : p € incr<,(I')) for any infinite linear order I’ by
compactness.

Next we deduce a consequence of being non-strongly,-dependent helpful
in proving non-structure results.

Proposition 3.7. If 77 O T are complete first order theories, without loss
of generality with Skolem functions and T is not strongly, dependent as
witnessed by ¢ = (¢n(Z,Un) : n < w), i.e., as in Definition 3.6, then there
is 7 D 7y, |mi| = |Th] and 6,(Zn) = (One(Zn) £ < 1(Gy)),0n,e is & Ti-
term such that: if I, & and J = J; g are as in Definition 3.1(2), then there
are My and (a; : t € I) and (a, : n € &) such that:

(a)) My is a i-model and is the Skolem hull of {a; : t € I}U{a, : n € &}
(we write a; for t € & C J for uniformity),

(B) (a; : t €J) is indiscernible in M,

(v) if n € & and k < w then for large enough n(x), if u C n(x), |u| < k,
then we can find 5, ¢ and n, < n(x) and & such that

— 3,t are sequences of members of {FJ(n) : n < n(*)},

— 1h(5) = 1h(f) < n(x),

— 8 <185 ©t; <rt;for i,j <1h(3),

— if i <1h(8) = Ih(f) then (Vn € u)(FJ(n) <1 s; = F)(n) <1 t;),
— 7 ={(04(g) : i <1h(n,)),0; a T1-term,

— Ml ': @n*[dnw~-agf\/[l(dtoadtp'“)a~~~]i<lh(gn*) = ﬂ@n*[&n,...,
0'7{\/[1 (6‘8036’81 PR ')7 e ']i<1h(y”*)a

(6) M is a model of Ty so Tpr, 2 71y -
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Proof. Fix I,6; without loss of generality, I is dense with neither first
nor last element and is N;-homogeneous hence there are infinite increasing
sequences of members of I.

Let I,{pn(Z,9n) : n < w), (@, : n € incre,(I)) and p € S™(U{a, :
N € incre,(I)}) exemplify T is not strongly, dependent, i.e., be as in the
Definition so m = lh(Z). For notational simplicity (and even without loss
of generality, by [7, §5]) assume m = 1.

Now in Definition 3.6 we can add (by compactness) that

there is a sequence ((ng,my,I) : k < w) such that £ < ni <

mg, my < Miy1,1; € I has my members, for no Iy C I} with < k
members does (®) from Definition 3.6 hold for ', € incrop, (I}') (+)
and (k,ng) here standing for k, n.

Without loss of generality, I is the reduct to the vocabulary {<}, i.e., to
just a linear order of an ordered field F and t, € F for ¢ € Q are such that
0 <r tq, (tg,)? <r tq, for q1 < g2 (hence n < w = n <p t7 <r lg,). By
easy manipulation, without loss of generality, I} = {t; : i =0,1,...,ms}.

Now for each m < w and 7 € incr,,(I) we can choose ¢, such that if
m = my, then for some automorphism h of I mapping I} onto Rang(n),
letting h be an automorphism of M; mapping @, to ay(,) for v € incr,,(I),
the element ¢, realizes h(p) and (¢, : 7 € incr<,,(I)) is without repetitions.

Now, without loss of generality, ((c;)"ay : 1 € increy, (1)) is an indis-
cernible sequence and let a; = c<¢~ be such that My be a model of T}
satisfying (J{(c,;) @y, : n € incr<, (1)} € Mo|T < €. Without loss of gen-
erality ((c,)"a, : 1 € incr<,, (1)) is indiscernible in M, and we can find an
expansion M; of My such that |7as | = T4,

Gy = <Flh(n),i(@n(())a .. 7dn(n71)) 1< lh(@n», and

¢y = Fingy)(@noys - - -, Gy(n—1)) if n € incry, (I), and M; has Skolem functions.

By manipulating I, without loss of generality, we can find I, C I of
order type w. So for some H,, € 71 for n < w, if tg < t; < ... list I, for
every k < w large enough, for every u C n(*) satisfying |u| < k for every n
large enough HM1(ay,,ay,,. .., as, ,) satisfies the demand (on the singleton
a, from clause () in the claim).

Let D be a non-principal ultrafilter on w such that {my, : k <w} € D,
let My be isomorphic to M{ /D over My, i.e., My < M, and there is an
isomorphism f from Ms onto M{ /D extending the canonical embedding.
If n is an increasing w-sequence of members of I, we let

az = Hg/h ((7,7](0)7 . ,an(n—l)) € My

and let
an=ft{ad,ar,...,al,... : n <w)/D) € Ms.

777 7’]7 ) 777



Theories with EF equivalent non-isomorphic models 151

Let M} be the Skolem hull of {a; : t € I} U{a, : n € &} inside M. It is
easy to check that it is as required. Q.E.D.

It is helpful to have a sufficient condition for the non-isomorphism of
two such models:

Proposition 3.8. Assume J, € K°, and M;, »,T;,T as in Proposition
3.7 for £ = 1,2. Suppose that the following holds: if f is a function from
J1 (i-e., its universe) into M| x,(J2) (i-e., the free algebra generated by
{@; : t € J1} the vocabulary 77|z, = {F§ : n <w and a < |T1|}, F} has
arity n, we can find ¢t € P and k, < w such that for every n, < w we can
find 51, 59 such that

e 31,5 € FI are increasing, 5; = (FJ(t) : n < n,)andn < k. = sp,, =
S1,n and 515, -1 <7 S2,k.,

o f(50) =0(rf,...,rf_1) so k <w,rf € Jyfori <ksooisa mrx-
term not dependent on /£,

o f(t)=0"(ro,- - ,"m—1),0" is a T, x,-term and rq, ..., 71 € J2,

e thesequences (r} : i < k)™ (r; : i <m)and (r? : i <k)"(r; : i <m)
realize the same quantifier free type in Jo (note: we should close by the
FJ2 5o type mean the truth value of the inequalities F,, (') # Fy,, (")
(including F,,) and the order between those terms).

Then M1 9_3 MQ.
Proof. As in [10, III] or better in [15, IITI] = [16], called unembeddability.

Q.E.D.

4 Forcing EFT-equivalent Consistency non-isomorphic
models

The following result is not optimal, but it is enough to prove necessary
conditions on T for being lean and even on (7, %). As for unstable T', cf.
below in §5.

Theorem 4.1. Assume (¢, T,T1,®) is as in Proposition 3.4, T stable and
A= A* >R, +|Ty] and g = AT > . Then for some A-complete -
c.c. forcing notion Q we have that IFg “there are models M;, My of T
of cardinality AT such that M |7(T), Ma|7(T) are EF} | || -equivalent for

AT
every a < A but are not isomorphic”.

We expect that we can improve Theorem 4.1 by allowing @ < A" and
replacing forcing by assuming, e.g., 2* = AT A = A<*. We shall continue
this line of research in [12].
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Proof. We define a partial order Q. A condition p is in Q if it consists of
the following objects satisfying the following conditions:

(a) u = uP € [p]<* such that if « +1i € u and i < A, then a € y;
(b) <P a linear order of w such that if a, 8 € u and oo + X\ < (3, then
a <P f;

(c) for £ =1,2, &) is a subset of {n € “u : n(n)+A <n(n+1) forn < w}
such that n # v € &) = Rang(n) N Rang(v) is finite; note that in
particular € &} is without repetitions and is <P-increasing;

(d) AP a set of < X increasing sequences of ordinals from {« € u? : Aa}
hence of length < X;

(e) fP = (ff : p € AP) such that

1. fI is a partial automorphism of the linear order (uP, <P) such
that a € Dom(f2) = a4+ A = f2(a) + A and we let f)P =
DIt = (),
prdp p)
2. ifn e &Y, p e AP, ¢ € {1, 2} then Rang(n) is included in Dom(fﬁ’p)
or is almost disjoint to it (i.e., except finitely many “errors”);
3. if p<ao € AP then p € AP and ) C fP
4. f5P is the empty function and if p € AP has limit length then
Iy = U{ff:“» 1 <Ih(p)}.
5. if p € AP has length ¢ + 1 then Dom(fg’p) C p(i) for £ =1, 2;
6. if p € AP and 1 € “(Dom(f?)) then n € &} & (f2(n(n)) : n <
w) € &5;
7. if p, € AP for n < w and p, < ppy1 and A > R then J{p, : n <
w} €A

We now define the order <=<g on Q. We fix p,q € Q and let p < ¢ if
uP Cul, <P=<9 [uP, &) C &7 (for £ =1,2), A? C A%, and the following
conditions hold:

(a) if p € AP then fP C fi;
(b) if n € &7 \ &) then Rang(n) Nwu? is finite;

(c) if p € AP and f2 # f{ then u”Nsup Rang(p) C Dom(fg’q) for¢ =1,2;
and

(d) if pe AP and £ € {1,2}, a0 € uP \ Dom(fﬁ’p) and a € Dom(f,f’q) then
foP(a) ¢ uP.
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Having defined the forcing notion QQ, we can now start to investigate it. We
obviously have that Q is a partial order of cardinality p<* = \*.

Claim 4.2. If p = (p; : i < 0) is <%increasing, 6 a limit ordinal < \ of
uncountable cofinality then ps := (J{p; : ¢ < 0} defined naturally is an
upper bound of p.

Proof. Think about it, or consider the proof of Claim 4.3. The case cf(§) >
Ny is easier because of clauses (e4) and (e7). Q.E.D.

Claim 4.3. If § < X is a limit ordinal of cofinality ¥y and the sequence
p=(p; : i <J) is increasing (in Q), then it has an upper bound.

Proof. We define ps € Q as follows: uPs = [J{uP : i < §}, <Po= J{<P:
i<}, AP = J{AP" : i <6} U{p : pis an increasing sequence of ordinals
from uP? of length a limit ordinal of cofinality Ry such that ple € U{AP: :
i <d}} for all € < lh(p).

Let fP5 = (f0% : p € A?) be such that if i < J and p € AP*\ J{AP7 : j <
i}, then f& = U{f)" : j € [i,0)} and if p € AP\{AP : i < 6} then f2° =
UL« e <Ih(p)} is well defined as e < Ih(p) = p~(e) € U{APi;j < &}
Clearly clauses (a), (b), (d), (el), (e3), (e4), (e5), and (e7) for ps € Q hold.
Lastly, let &° = [J{&)* : o < §} for £ =1,2.

Subclaim 4.4. If p € AP\ [J{AP> : a < §} then Dom(f}5) = uP? N
sup Rang(p) = Rang(f2?) and for every a < ¢ for some 8 < § we have
fretupe C f17 for some i < Ih(p).

Proof. Clearly, cf(lh(p)) = Rg. Assume a < § and i < lh(p). Clearly for
some [ € (a,d) we have p[i € AP5. Also the set {j < lh(p) : p|j € AP5} is
an initial segment of 1h(p) and cannot be lh(p) because p ¢ AP8 by clause
(e7) of the definition of Q. So for some j < lh(p) we have plj ¢ AP3 but
by the choice of p for some v < § we have p[j € AP, so necessarily 3 < 7.
As po <g ps <@ py by clause (c) of the definition of <g, as p[i € AP¥\APs
we know that u”? N sup Rang(p[i) is included in Dom(f, ’p”) for £ = 1,2

by po <@ ps hence uP> Nsup Rang(p[i) is included in Dom(fﬁ’p”) which C
Dom(fep‘s) for £ =1,2.

As thls holds for any a < § and ¢ < lh(p) and u”? N sup Rang(p[i) =
U{uP> Nsup Rang(p) : a < &} it follows that for £ = 1,2 we have that
e € uP? Nsup Rang(p) implies (3a < J§)(e € uP~ N sup Rang(p)). That
implies (3 < 0)[e € Dom(f/*?)], and this finally implies € € Dom(f57?),
so are done. Q.E.D.

Subclaim 4.5. If p € [J{AP> : a < 4} then exactly one of the following
occurs:
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(a) There is a unique o = a(p) < d such that p € AP~ (V) (a < B <=
p’ = fhe) and (VB < a)(p € AP® — f” # fb).

(b) Dom(f25) = uP N sup Rang(p) = Rang(f}?) and (Va < §)(38 <
O)(fpe TuPe € £5°).

Proof. Similar to the proof of Subclaim 4.4. Q.E.D.

In order to finish the proof of ps € Q, it remains to check clauses (c),
(e2), and (e6).

Clause (c). Obvious by the choice of &G7°.

Clause (e2). Solet n € &)°,p € AP* where ¢ € {1,2} and we should prove
that Rang(n) € Dom(f5?°) or Rang(n) N Dom(f?) is finite. For
some o < § we have n € &)~. If p € [J{AP? : § <} then we apply
Subclaim 4.5, now if clause (a) there holds so a = «a(p) < § is well
defined and we use p,, € Q and if clause (b) there holds then trivially
Rang(n) C uPs C Dom(fg’pfs) so assume p € AP3\ [ J{AP? : § < §}.

By Subclaim 4.4 we finish as in the case if (b) from Subclaim 4.5 holds.

Clause (e6). By the choice of G5 and the proof of clause (e2).

We now have to check that for a < §, the pair (pa,ps) satisfies the
definition of <g which is straightforward. Q.E.D. (Claim 4.3)

Claim 4.6. If o < p then Z} := {p € Q : o € uP} is dense and open as
well as Z,, = {p € Q: if 6 € uP, A\|d and cf(d) < A then 6 = sup(d Nu)}.

Proof. The proof is straightforward. For the claim about Z}, given p € Q
we defineg € Qby u? :=vw? | {B < a : f+A=a+)A}, a1 < aziff a1 <P an
or a; < ag AMog, 0} € uP AMag,ax} Cul, 6] = &} for £ =1,2, A7 = AP,
and fl = f for p € A?. Now check. For the second claim about Z, use the
first part and Claim 4.3. Q.E.D.

Claim 4.7. If g € A* := {p : p is an increasing sequence of ordinals < AT
divisible by A of length < A} then Zg ={peQ: o€ AP} is dense open.

Proof. Let p € Q, by Claims 4.6 and 4.3 there is ¢ > p (from Q) such that
Rang(p) C u?. If p € A? we are done, otherwise define ¢’ as follows: u? =
ul, <7 =<9, G}f’ =&Y, A7 = AU{ple : £ <Th(p} and if i < 1h(p), ol ¢ A
then we let fg;l = U{f# : p € A? and p<li}. We should check all the
clauses in the definition of Q and, e.g., clause (e6) holds because ¢ satisfies

/9

clause (e7). Then we should check all the clauses of “q <g ¢'”. Q.E.D.
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Claim 4.8. If g is as in Claim 4.9 and o < AT and £ € {1,2} then

i ={reQ:ac Dom(fg’p) so o € AP, a € uP} is dense open.

Proof. By Claims 4.6 and 4.7. Q.E.D.

Claim 4.9. If p € Q and ¢ € AP then for some g we have p <g g A f{ #
fEA{a+ A acul} ={a+): acul}.

Proof. For each § € u N sup Rang(p) divisible by A let usg = uN[4,d + N).
So gs := fJlus is a partial function from us into us and f§ = U{gs : ¢
as above}. Now, for § as above we can find f5 such that fs5 is a one-to-
one function, g5 = fPlus C f5, @ € Dom(fs) iff a € us V fs(a) € us,
Dom(f5)\us is an initial segment [af, a?) of [6,6 + A)\us, Rang(fs)\u is
an initial segment [a2,a3) of [§,8 + A\)\u\Dom(fs), fs maps [a},a?) onto
us\Rang(f2us), and fs maps us\Dom(f2 u;) onto [0, ). Now we can
find a linear order <; on us U [}, o] such that f5 is order preserving (as
the class of linear orders has amalgamation).

Lastly, we define ¢ by u? = u? U {[a},a3) : § as above}, a <? 3 iff
(3)(a <5 B) or a+ X < B, A1 = AP, and 6] = &) U{(f3*(n(n)) : n <
wy : Le{l,2},pe AP and n € &;_,}.

Now we have to check that ¢ € Q. This is straightforward; e.g. for clause
(c), assume n # v € 6 and we have to prove that Rang(n) N Rang(v) is
finite.

Now we have four cases: first 7,v € &%, so use clause (c) for £. Second,
n,v € GJ\&Y, so n,v are images by fg—e,q of members of &%_,, as this
function is one-to-one, this follows from p, &% _, satisfying clause (c). Third,
ne6)Ave &)\&Y, then v = (3441 (n)) : n < w) for some v/ €
&% _, satisfying Rang(v') € Dom(fg”f’p), hence for some n,,n € [n.,w) =
V'(n) ¢ Dom(fg’_é’p) = v(n) ¢ u? but Rang(n) C u? so we are done.
Fourth, n € 6]\&} Av € &7 the proof is dual. The proof of clause (e2) is
similar.

Also we have to check that p <g ¢. This is straightforward, clause (b)
is proved as in the proof of (¢) of the definition of Q above and clause (d)
holds by our choice of the f5’s. Now check that ¢ is as required. Q.E.D.

Let Qt = {p € Q: if £ € {1,2} and p € A? then Dom(f) = u” N
sup Rang(p)}.

Claim 4.10. Q7T is a dense subset of Q, moreover (Vp € Q)(3g € QT)(p <
g ANU{a+Xr:acut}=J{a+ A : acul}].

Proof. Let p € Q,k = |A|,0 = k X k and {p; : @ < i, < A} list AP each
appearing unboundedly often. We choose p; by induction on i < § such

that p; € Q, j < i implies p; <@ pj, po = p, APi = AP, fyit" fhi, and
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U{a+X:aceuri} =J{a+ ) : a €uP}. Fori =0, use pg = p; for ¢ limit,
use Claim 4.3; for ¢« = j + 1, use Claim 4.9. Now p; is as required.  Q.E.D.

Claim 4.11. For p € Q and § < A\ divisible by A, p[d is naturally defined,
belongs to Q and w? C ¢ implies p[d = p and p[é <g p, where ¢ = p[d
be defined by u? = uP N 4§, <I=<? |4, 6] = {n € &}: Rang(n) C 4},
A7 = {p € AP : sup Rang(p) < d}, and f9 = (ff : p € A?) where fI = fP.

Proof. Why? Check. Q.E.D.

Claim 4.12. If § < AT is divisible by A\,p € Q" and (p[d) <g ¢ € Q' but
u? C § then p, q are compatible in QQ, moreover has a common upper bound
r = p+ ¢ such that r[d = g Au" = uP Uud.

Proof. Note that if p € AP N A? then sup Rang(p) < § by clauses (e4) and
(eb5) of the definition of Q; also APNA? = A,j5. We define r by u™ = uP Uu?,
for a, 3 € u” we have a <?> fiff a+ X < Bora <? Bora <P g, &} is
SYUG] for £ =1,2, A" =APUA?, and f" = (fp : p€A”) where

. 4 if p e A9
To =\ fruULss, i <1h(p) and pli € AT} if p € AP\AY.

Why is 7 € Q7 We should check all the clauses in the definition which
are easy. E.g., in clause (¢), n # v € &} = ¥y > |Rang(n) N Rang(v)|,
the only new case is n € &) < v ¢ &) so, without loss of generality,
n € 6)\6] ANv € &, hence sup(n) > d hence Rang(n) N 4§ is finite but
Rang(v) C u? C 4.

Also clauses (e2) and (e6) should be checked only when f; is new so
necessarily p € AP so f; = fI'U U{fgn : pli € A7}, but recalling that any
n € &} is an increasing w-sequence, clearly if sup Rang(n) > 0 we use “p
satisfies clauses (e2) and (e6)” and if sup Rang(n) < ¢ we use “q satisfies
clauses (e2), (e6), and (e7)”.

Why do p <g 7 and p <g r hold? We should check all the clauses in the
definition of <g for both pairs. They are easy, e.g., clause (b) holds because
if n € 6)\&] then n € &)\S} hence sup Rang(n) > ¢ and it should be
clear; if n € 67\&} then n € 67\&} and we can use p[d <q ¢, i.e., clause
(b) for this pair.

Concerning clause (c) for p <g r, recall that p,q € Q7 so if £ € {1,2}
and p € AP then u? = Dom(fﬁ*p) - Dom(f,f””)7 so clause (c) is satisfied,
and similarly clause (c) for ¢ <g r. Q.E.D.

Claim 4.13. Q satisfies the A*T-c.c.

Proof. Let p, € Q for @ < AT, so by Claim 4.10 there are g, such that
Do <0 o € QF, now use the A-system lemma: S = {6 < A*: cf(d) = A};
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now if § € S§‘+ then p[d € QAsup(uP'®) < §and A > |{p € Q : uP = u} for
any u. Hence for some stationary S C S§+ and some p, and for any 6 € S
and 01 < dy € S, we get ¢s[0 = p, and sup(u®z) < d5. So for any ds < dy
from S by Claim 4.12 the condition g¢s,, g5, are compatible. Q.E.D.

Define a Q-name J; € Kﬁi, as follows: QJK = u, G'h =U{&} : p e Gg},
<o U{<?: p € Gg}, Fse is a unary function, the identity on At and
n€E G implies an(n) =n(n). Now for £ € {1,2} and p € Q let J) € K,;
be defined as follows: J? has universe u? U &%, <Je=<? Q¥ = u?, and
F (1) = n(n).

Claim 4.14.

(a) kg “J¢ € K37,

(b) kg “for each 6 < AT divisible by A the linear order ([4,d + A), <

[(6,5+\)) is a saturated linear order and a+\ < 8 < AT = « < B,
and

(c) peQ=plrg “J, CJpfor £ =1,2".

Proof. Why? Think! Q.E.D.

Claim 4.15. If § < AT is divisible by A then IF “J,[0 € K{” where J,[§ =
(U (PIen«s),QT né, PTe)s, FIe[(6 U (PN “0)))pew”

Claim 4.16. |-g “EM,(7)(J1, ®),EM, (1) (J2, ®) are EF | , -equivalent (so
the games are of length < A, and the player AIS chooses sets of cardinality
< A).

Proof. To show the EFI \+-equivalence, it suffices to show that IFg “Jy, J2
are EF y+-equivalent” by Proposition 2.9 as A > Xy 4|77 |. From Claim 4.7,

recall A* = {p : p is an increasing sequence of ordinals < A" divisible by
A of length < A}, (is the same in V and V@). For p € A* let fo=U{f -

p € G,p € AP} and by clauses (el) and (e5) in the definition of Q and (a)

in the definition of <g, we easily get I-g “f, a partial isomorphism from

J; [sup Rang(p) into Jo[sup Rang(p)” (cf. the definition in Claim 4.15).
Now kg “Dom(f,) = sup Rang(p)” as if G C Q is generic over V, for

any o < sup Rang(p) for some p € G we have o € uP? Ap € AP by Claim 4.8,
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and there is ¢ such that p < g € G,p # ¢ by Claim 4.9, so recalling (c) from
the definition of <g we are done. Similarly I-g “Rang(f,) = sup Rang(p)”.

Also p<p implies I-g f, C f,. For the EF*-version we have to analyze

dependence relations, which is straightforward as in the proof of Theorem
5.2. So (f, : p € A*) exemplifies the equivalence. Q.E.D.

Claim 4.17. IFg “M; = EM (y(J1, ®), M2 = EM, (1(J2, ®) are not iso-

morphic”.

Proof. Let M} = EM(Jy, ®) so M/ [7(T) = M, for £ = 1,2, and assume

towards a contradiction that p € Q, and p g “g is an isomorphism from

M, onto My”. For each § € S} := {§ < AT : cf(§) = A} by Claims

4.2 and 4.3 we can find ps € Q above p and g5 such that p < ps,d € uP?,
ps IF “gs is g[EM(J’f“,@)”, and g5 is an isomorphism from EM. ) (J7, ®)

onto EM,(7)(J5, ®).

We can find stationary S C S§+ and p* such that ps[d, defined in
Claim 4.11 is p* for § € S, for §;,0o € S, uP%1, uP%2 has the same order
type and the order preserving mapping s, s, from uP%2 onto uP%1 induce an
isomorphism from ps, onto ps,, and if §; < d2 € S then sup(uPs1) < da.

Now choose n* = (6, : n < w) such that &) < 6,4, 6 = sup(SNd,)
and ¢ € S, and let §* = sup{d} : n <w}.

We can now define ¢ € Q as follows u? = (J{ps: : n <w}, <= {(a,f) :
a <P B for some n or a + A < B A {a,B} C ul, equivalently for some
m < n,a € uP \ 85 and B € uPn \ 85}, 67 = {6, - n < wlU{n*},
61 = {657 : n<w}, A =U{AP% : n < u},and = £ if p e APon.

So there is a pair (g, g*) such that ¢ <g ¢, ¢« IFg “g* = g[EM(J{", ®),
and g%t is an automorphism of EM,(7)(J%,®). So g*(a,-) € EM(J{, ®)

. + «
hence is of the form o™= (ay,,...,a, ,) for some tg,...,t,_1 € J3* and a

Te-term o(zg, ..., 2n—1). Note that by the definition of <g:
Subclaim 4.18. If n € &1 then Rang(n) Nu? is bounded in 6*.

Proof. If n € &% this holds by our choice of ¢ and if n € &3"\&% then
Rang(n) Nu? is finite so as u? C § it follows that Rang(n) Nu? is bounded
in §*. Q.E.D.

We can find n(*) < w such that for each k < n and £ < n we have

(a) if t, € Q27 , i.e., ty € ud* C AT then t, <¢ 8% (4, and



Theories with EF equivalent non-isomorphic models 159

(b) if t, € P7% i, t, € &% then {F}? () : n < w} is disjoint to
[5:(*)a 6%) Nuf,

using “T is stable”. The rest of the proof is exactly as in Propositions 3.5
and 3.7. Q.E.D. (Claim 4.17)

Q.E.D. (Theorem 4.1)

5 Theories with order
Recall from [3, 3.19]:

Theorem 5.1. If A = pt, cf(p), N = A<,k = cf(k) < &(T) and T is
unstable, then there are EF, . +-equivalent non-isomorphic models of T'
of cardinality .

The new point in the following Theorem 5.2 is the use of EF T rather
than EF.

Theorem 5.2. Assume A = A<Y and ) is regular uncountable, T C T} are
complete first order theories of cardinality < A.

1. If T is unstable then there are models My, My of T of cardinality AT,
EF;Q \+-équivalent with non-isomorphic rr-reducts.

2. Assume ® € YT is proper for linear orders, & = (o;(x) : @ < i(x))
a sequence of terms from 7g, 7" = (xf : i < i(x)),i(x) < \, (7, 7?)
is a formula in L(7r),7 < 7 (any logic) and for every linear order
I letting M = EM(I,®),b; = (0M(as) : i < i(x)) we have (M]7) =
©[bs, be )<t for every s,t € I. Then there are linear orders Iy, I
of cardinality At such that M, M, are EF;Q’ y+-equivalent but not
isomorphic where My, = EM, (I, ®) for ¢ = 1, 2.

3. If every EM,, (I, ®) is a model of 77 then in 2., the models M, My are
in PC(T1, 7).

Proof. To see 1., let (&, y) € L(7r) order some infinite subset of ™M for
some M = T. Let ® be as in Definition 3.3, i.e., proper for linear orders
such that 7, C 7(®),|7(®)| = |T1] and for every linear order I,EM(I, @)
(we allow the skeleton to consist of m-tuples rather than elements) is a
model of Ty satisfying ¢las,as] iff s <; t. Now we can apply part 2. with
i(x) = m.

In order to prove 2., we choose I such that I is a linear order of cardinal-
ity A (yes, not AT), if a, 8 € (1, A] then (I x a) + (I x 8)* = I (equivalently
every a, 3 € [1,A\T)), I is isomorphic to its inverse, and I has cofinality .
For every S C Sf\‘Jr = {6 < At : cf(6) = A} we define Is = 3 _\+ Isa
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where Ig , is isomorphic to I if & € AT\'S and isomorphic to the inverse of
I x w otherwise.

Claim 5.3. If 57,5, C Sf\‘+ then the models EM(Ig,, ®), EM(Ig,,®) are
EF; g \+-€quivalent.

Proof. Let Joy = >, Is,a- Let F = {f :for some non-zero ordinal
y< At feF, and [y € S & v € Sy|} where F, := {f is an isomorphism
from 3 . Is, o onto 3, Is, o}. Then we have:

o F,# @ for v < A\T.

elf fe Fyand [y € Sy =7 € So] and v < B < A then f can be
extended to some g € F3}.

o If v < A\, X, C I, has cardinality < AT for £ = 1,2 then for some
successor 3,7 < 3 < AT and X, C Jy g for £ =1,2.

o If v, €5 &~ €85y fori <4,d alimit ordinal < X and (y; : i < J)
is increasing then 5 := (J{v; : ¢ < §} satisfies v5 € S1 =5 € 7.

Lastly, we have to deal with Case 2 in Definition 2.5, so let us assume
that f. € F,.,[7« € S1 = 7. € S2] and Ry C 9> (M) for £ = 1,2 are
as there for f.. This holds because the strategy is simple, e.g., with no
memory. Now if f does not map the definition of Ry in M; to the definition
of Ry in M, we can use Subcase 2B there, so we assume this does not
occur. Let £ € {1,2}, and get:

o Let eg = {(5,%) : 5, € 9>(I;) and some automorphism of I; over I .,,
maps § to t}.

e Let Yy be the set of es-equivalence classes.

Note that for ¢ € {1,2},n < w and yo,...,y, € Yy the following are equi-
valent:

(a) some a €y, depend (by Ry) on yoU...Uy,—_1, and
(b) every a € y,, depends (by Ry) on yoU...Uy,_1.

So R4 induce a 1-dependence relation on Y7, so let (y; : i < i(x)) be a
maximal independent subset of Y;. Therefore, it is enough to deal with one
yi. Now we can find ¢;, € y; such that Rang(t; 4)\I¢y. € Iry12\lo,r+1
for each v € [y.,AT) as I; has enough automorphisms. If {t;, : 7 €
[v4, AT)} is not Ryj-independent, then dim(y;) is finite, in fact 1 or 0. So
we choose 3, such that v, < 3, < AT and 3, € S; = 3. € S3 and for every
i < i(x), if dim(Xy,) is finite then y; has a maximal R,-independent set
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included in ™) (.J; g,). [Why is this possible? Because for any such 3, is
an automorphism of Iy over Ji ,, mapping Ig, o onto I, y2.]

Let g € Fp, extend f; using it we can choose ((a,az) : ¢ < (*) as
required. Q.E.D. (Claim 5.3)

Claim 5.4. If 51,5, C 5" and S;\S, is stationary, then EM, (g, , ®),
EM, (Is,,®) are not isomorphic.

Proof. This is similar to the proof in [10, II1,§3] (or [15, II1,§3] = [106, §3]),
only easier. In fact, imitating it we can represent the invariants from there.

Q.E.D.
Part 3. of Theorem 5.2 is obvious. Q.E.D. (Theorem 5.2)

Corollary 5.5. Assume T is a (first order complete) theory.

1. If T is unstable, then (T, %) is fat.

2. If T is unstable or stable with DOP, or stable with OTOP, then T is
fat.

3. For every p there is a p-complete, class forcing P such that in V¥ we
have: if T' is not strongly dependent or just not strongly stable, then
T is fat, moreover (T, x) is fat.

Proof. We get 1. by Theorem 5.2. The proof of 2. is similar,the only differ-
ence is that the formula defining the “order” is not first order and the length
of the relevant sequences may be infinite but still < |T'| (cf. [11, XIII]).
Now, by 1. and 2., we should consider only stable, not strongly stable
T. Choose a class C of regular cardinals such that A € C = (2<M)* <
Min(C\A") and Min(C) > p. We iterate with full support (P,,Q,, : p € C)

with @u as in Theorem 4.1. Q.E.D.

Proposition 5.6. Assume T' C 17, = \* is not necessary regular and
r = cf(k) < k(T), e.g. T is unstable. Then there are EF} A+ -equivalent
non-isomorphic models from PC(Ty,T) of cardinality AT.

Proof. As in [3], following the proof of Theorem 5.2. Q.E.D.

We get the following corollaries via old results, as mentioned in the
introduction. Note that Corollary 5.7 is on elementary classes and Corollary
5.8 on small enough pseudo elementary classes.

Corollary 5.7 (ZFC). For first order countable complete first order theory
T the following conditions are equivalent:
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(A) The theory T is superstable with NDOP and NOTOP.

(B)1 If A = cf(A) > |T| and My, My € Mody (M) are Lo x(7r)-equivalent
then My, M5 are isomorphic.

(B)2 Like (B); for some A = cf(\) > |T.

(C) If A =cf(X\) > |T| and My, My € Modr(AT) are EF,, -equivalent then
My, M5 are isomorphic.

(D) For some regular A > |T'|, if My, My € Modr (A1) are EF, \+-equiva-
lent then they are isomorphic.

Proof. Clauses (A), (B)1, and (B)2 are equivalent: in [11, XIII,Th.1.11], we
proved (A) = (B); A (B)2, and the other implication holds by [9]. Now by
the definitions trivially (B); = (C) = (D). Lastly, by Theorem 5.1 we have
=(A) = =(D), i.e., (D) = (A) so we have the circle. Q.E.D.

Corollary 5.7 tells us what we know about (A)g and (B)g of Question 2.1.

Corollary 5.8 (ZFC). For first order countable complete first order theory
T and k > 2% the following conditions are equivalent:

(A) T is unsuperstable,

(B), for every A > k > |T'| and (k, T')-candidate ¢ (cf. Definition 1.2), and
ordinal o < A satisfying |a|T = XA = |a < |a| x w, there are EF, -
equivalent non-isomorphic models My, My € PC.(7)(¢) of cardinality
A,

(C) forsome A > k > |T, for no (x,T')-candidate 1 is the class PC_(y(v))
categorical in \.

Proof. First, assume T is superstable, so clause (A) holds. By the proofs of
[11, VI,84] there is a (#,T)-candidate ¢ such that PC, (1) is the class of
saturated models of 7', (in details, if n < w,a € "€, tp(b, a, €) is stationary,
q = tp(b,,€),p = p(x,7) = tp({a)"b, @, ) then let 1, , be such that
M = 1, 4 iff for every b’ € ™M realizing the type ¢(7), the function ¢ —

FI%(C, b') is one-to-one and if k < w,¢y,...,c, € M are pairwise distinct
then tpL(T(T))(FPf)V{Z(ck), {F%(co), ... ,F,EI,V{Z(CIC—Q} U b, M) extends p(x,b')

and does not fork over M. Lastly, ) = A{vpq : p,q as above} so € L,.+ .
So in the present case also (B),; and (C),, hold.

Secondly, assume T is not superstable, so clause (A) does not hold and
we shall prove the rest. Let ¢ be a (k,T)-candidate. Take & € Y-t
witnessing unsuperstability and use Claim 1.3 and Theorem 5.1. Q.E.D.
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