Journal of Homotopy and Related Structures, vol. 2(1), 2007, pp.85–97

EQUALIZERS IN THE CATEGORY OF COCOMPLETE COCATEGORIES

BERNHARD KELLER and OLEKSANDR MANZYUK

(communicated by Lionel Schwartz)

Abstract We prove existence of equalizers in certain categories of cocomplete cocategories. This allows us to complete the proof of the fact that A_∞-functor categories arise as internal Hom-ob-jects in the category of differential graded cocomplete augmented cocategories.

1. Introduction

We refer to [11] and to Lyubashenko-Ovsienko [20] for an introduction to A_∞-structures and their links to homological algebra.

The notion of an A_∞-category appeared in Fukaya’s work on Floer homology [3]. Its relation to mirror symmetry became apparent after Kontsevich’s talk at ICM ’94 [14]. Following Kontsevich, one should consider A_∞-categories as models for noncommutative varieties. This approach is being developed by Kontsevich and Soibelman in [17].

For a pair of A_∞-categories A and B, there is an A_∞-category A_∞(A, B) whose objects are A_∞-functors and whose morphisms are A_∞-transformations. These A_∞-functor categories have been considered for example by Kontsevich [15], Fukaya [4], Lefèvre-Hasegawa [18], Lyubashenko [19]. They provide models for the internal Hom-functor of the homotopy category of differential graded categories (Drinfeld [2], Toën [22], cf. [13] for a survey), where the internal Hom-functor is not a derived functor. Furthermore, as detailed in [12], A_∞-functor categories yield a natural construction of the B_∞-structure on the Hochschild complex of an associative algebra (Getzler-Jones [5], Kadeishvili [9], Voronov-Gerstenhaber [23]), which is important for proving Deligne’s conjecture and Tamarkin’s version of Kontsevich’s formality theorem (cf. for example Kontsevich-Soibelman [16], Tamarkin [21], Hinich [8]).

In order to interpret A_∞-functor categories as internal Hom-objects, one passes to a suitable category of cocategories following an idea of Lyubashenko [19]. For this suitable category, one can either take the monoidal subcategory generated by the images of graded quivers under the bar construction, as in [19], or the category of all (cocomplete augmented etc.) cocategories. The former approach is developed

The first author thanks V. Hinich and the second author for pointing out the gap which is at the origin of this note.

Received January 21, 2007, revised May 4, 2007; published on May 27, 2007. 2000 Mathematics Subject Classification: 18A30, 18A35. Key words and phrases: cocategory, cocomplete cocategory, equalizer.

© 2007, Bernhard Keller and Oleksandr Manzyuk. Permission to copy for private use granted.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 86

further in the forthcoming book by Bespalov, Lyubashenko, and Manzyuk [1] using the technique of closed multicategories. The latter approach has been taken by the first author in [12]. He proved in Theorem 5.3 of [12] that the monoidal category of cocomplete augmented cocategories was closed. However, the proof of the theorem was incomplete: it relied on the assumption that the category of cocomplete augmented cocategories has equalizers. In this paper, we close this gap. Note that it suffices to prove existence of equalizers in the category of cocomplete cocategories since it is equivalent to the category of cocomplete augmented cocategories, see Remark 2.

Theorem 1. Suppose k is a field. Then the category of cocomplete k-cocategories admits equalizers. The analogous assertions hold in the graded and in the differential graded settings.

Since the proofs in the three cases are quite similar, we have chosen to present the proof for the ungraded version providing remarks concerning modifications necessary in the other cases. The proof occupies Section 4.

In the case of coalgebras, there is a different proof based on the duality between coalgebras and algebras, successfully applied in works of Kontsevich-Soibelman [17] and Hamilton-Lazarev [7]. We would like to briefly outline it.^1

The category of finite dimensional coalgebras is anti-equivalent to the category of finite dimensional algebras. Furthermore, finite dimensional coalgebras are objects of finite presentation, in the terminology of [10, Definition 6.3.3], in the category of coalgebras. Since an arbitrary coalgebra is a union of finite dimensional subcoalgebras, see [6] or [17, Proposition 2.1.2], it follows by [10, Proposition 6.3.4] that the category of coalgebras is equivalent to the category of ind-objects in the category of finite dimensional coalgebras. Moreover, a finite dimensional subcoalgebra of a cocomplete coalgebra is conilpotent, therefore the category of cocomplete coalgebras is equivalent to the category of ind-objects in the category of finite dimensional conilpotent coalgebras, which is in turn anti-equivalent to the category of pro-objects in the category of finite dimensional nilpotent algebras (the category of formal algebras in the terminology of [7]). It suffices to establish the existence of equalizers in the latter category. However, by the dual of [10, Proposition 6.1.16], this follows from the existence of equalizers in the category of finite dimensional nilpotent algebras.

Apparently, with some work the above argument can be generalized to cocategories, although we did not check the details. The only drawback of this approach, in our opinion, is that it is indirect. Our proof relies on a direct verification and yields an explicit description of equalizers, which is necessary in order to compute internal Hom-objects in the category of cocomplete cocategories and to relate these to A_∞-functor categories.

1We thank the anonymous referee for drawing our attention to this approach.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 87

2. Preliminaries

Let k be a commutative ring. A k-quiver A consists of a set of objects Ob A and of k-modules A(X, Y ), for each pair of objects X, Y ∈ Ob A. A morphism of k-quivers f : A → B consists of a map Ob f : Ob A → Ob B, X → f(X), and of k-linear maps f = f_{X,Y} : A(X, Y ) → B(f(X), f(Y )),

for each pair of objects X, Y ∈ Ob A. Let Q denote the category of k-quivers. For a set S, denote by Q/S the subcategory of Q whose objects are k-quivers A such that Ob A = S, and whose morphisms are morphisms of k-quivers f : A → B such that Ob f = id_S . The category Q/S is monoidal. The tensor product of quivers A and B is given by

(A ⊗ B)(X, Z) = ⨁ Y ∈S

A(X, Y ) ⊗ B(Y, Z), X, Z ∈ S.

The unit object is the discrete quiver kS given by Ob kS = S, kS(X, X) = k and kS(X, Y ) = 0 if X ≠ Y , X, Y ∈ S. Recall that a cocategory (C, Δ) is a coassociative coalgebra in the monoidal category Q/ Ob C. Thus, a cocategory consists of a k-quiver C and of a morphism Δ: C → C ⊗ C in Q/ Ob C, the comultiplication, satisfying the usual coassociativity condition. For X, Y, Z ∈ Ob C, denote by

Δ_{X,Y,Z} = pr_{X,Y,Z} ∘Δ : C(X, Z) → C(X, Y ) ⊗ C(Y, Z)

the components of Δ. Since the k-linear map

(Δ_{X,Y,Z} )_{Y ∈Ob C} : C(X, Z) → ∏ Y ∈Ob C

C(X, Y ) ⊗ C(Y, Z)

factors as

C(X, Z)^Δ−→ ⨁ Y ∈Ob C

C(X, Y ) ⊗ C(Y, Z) → ∏ Y ∈Ob C

C(X, Y ) ⊗ C(Y, Z),

it follows that, for each t ∈ C(X, Z), the element Δ_{X,Y,Z} (t) vanishes for all but finitely many Y ∈ Ob C. The coassociativity is expressed by the following equation: [ C(W, Z)^{ΔW,X,Z}

−−−−−→ C(W, X) ⊗ C(X, Z)^{1⊗ΔX,Y,Z}−−−−−−−→ C(W, X) ⊗ C(X, Y ) ⊗ C(Y, Z) ] = [ C(W, Z)^{ΔW,Y,Z}

−−−−−→ C(W, Y ) ⊗ C(Y, Z)^{ΔW,X,Y ⊗1}

−−−−−−−→ C(W, X) ⊗ C(X, Y ) ⊗ C(Y, Z) ] . A cocategory homomorphism f : (C, Δ) → (D, Δ) is a morphism of k-quivers f : C → D compatible with the comultiplication in the sense of the equation [ C^f−→ D^Δ−→ D ⊗ D ] = [ C^Δ−→ C ⊗ C^{f ⊗f}−−−→ D ⊗ D ] , where the morphism f ⊗ f : C ⊗ C → D ⊗ D is given by Ob f ⊗ f = Ob f and

(f ⊗ f)_{X,Z} = [ ⨁ Y ∈Ob C

C(X, Y ) ⊗ C(Y, Z) ⨁ Y ∈Ob C fX,Y ⊗fY,Z

−−−−−−−−−−−−−→ ⨁ Y ∈Ob C

D(f(X), f(Y )) ⊗ D(f(Y ), f(Z)) → ⨁ U∈Ob D

D(f(X), U) ⊗ D(U, f(Z)) ] ,

Journal of Homotopy and Related Structures, vol. 2(1), 2007 88

for each pair of objects X, Z ∈ Ob C. Explicitly, for X, Z ∈ Ob C, U ∈ Ob D, the following equation holds true: [ C(X, Z)^{fX,Z}−−−→ D(f(X), f(Z))^{Δf (X),U,f (Z)}

−−−−−−−−→ D(f(X), U) ⊗ D(U, f(Z)) ]

= Y ∈Ob C ∑ f (Y )=U [ C(X, Z)^{ΔX,Y,Z}

−−−−−→ C(X, Y ) ⊗ C(Y, Z)

f_{X,Y} ⊗f_{Y,Z}

−−−−−−−→ D(f(X), U) ⊗ D(U, f(Z)) ] . (1) In particular, the right hand side vanishes if U is not in the image of f.

Let C be a cocategory. Let Δ^{(n)} : C → C^{⊗n} denote the comultiplication iterated n − 1 times, so that Δ^{(1)} = id_C , Δ^{(2)} = Δ, Δ^{(3)} = (Δ ⊗ 1) ∘ Δ = (1 ⊗ Δ) ∘ Δ, and so on. Denote by

Δ^{(n)}_{X0 ,...,Xn} = pr_{X0 ,...,Xn} ∘Δ^{(n)} :

C(X_0, X_n) → C(X_0, X_1) ⊗ C(X_1, X_2) ⊗ · · · ⊗ C(X_{n−1}, X_n) the components of Δ^{(n)}, for X_0, . . . , X_n ∈ Ob C. Suppose f : C → D is a cocategory homomorphism. By induction on n, it follows that

Δ^{(n)}_{f (X),U1,...,Un−1,f (Y )} ∘ f_{X,Y} = Z_1,...,Z_{n−1}∈Ob C ∑ f (Z_i)=U_i , i=1,...,n−1

(f_{X,Z1} ⊗ f_{Z1,Z2} ⊗ · · · ⊗ f_{Zn−1,Y} ) ∘ Δ^{(n)}_{X,Z1 ,...,Zn−1,Y} :

C(X, Y ) → D(f(X), U_1) ⊗ D(U_1, U_2) ⊗ · · · ⊗ D(U_{n−1}, f(Y )), (2) for an arbitrary collection of objects X, Y ∈ Ob C, U_1, . . . , U_{n−1} ∈ Ob D.

A cocategory C is cocomplete if, for each pair of objects X, Y ∈ Ob C, C(X, Y ) = ⋃ n⩾1 Ker(Δ^{(n)} : C(X, Y ) → C^{⊗n}(X, Y )).

Equivalently, C is cocomplete if for each t ∈ C(X, Y ) there is n � 1 such that Δ^{(n)}_{X,Z1 ,...,Zn−1,Y} (t) = 0, for all Z_1, . . . , Z_{n−1} ∈ Ob C.

Example 1. An arbitrary k-quiver A gives rise to a cocategory (T^{⩾1}A, Δ), where T^{⩾1}A =

⨁_∞ n=1 T^nA, T^nA = A^{⊗n} is the n-fold tensor product in Q/ Ob A, and Δ is the cut comultiplication. Thus,

T^{⩾1}A(X, Y ) = n⩾1⨁ Z_1,...,Z_{n−1}∈Ob A

A(X, Z_1) ⊗ A(Z_1, Z_2) ⊗ · · · ⊗ A(Z_{n−1}, Y ),

for each pair of objects X, Y ∈ Ob A, and Δ is given by

Δ(f_1 ⊗ f_2 ⊗ · · · ⊗ f_n) = n−1∑ i=1 f_1 ⊗ · · · ⊗ f_i ⨂ f_{i+1} ⊗ · · · ⊗ f_n.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 89

Since Δ(T^nA) ⊂

⨁_{p,q>0}

p+q=n T

pA ⊗ T^qA, it follows that T^{⩾1}A is a cocomplete cocategory.

Remark 1. The correspondence A → T^{⩾1}A extends to a functor T^{⩾1} : Q → Q. It is proven in [1, Chapter 8] that the functor T^{⩾1} admits the structure of a comonad, and that the category of T^{⩾1}-coalgebras is isomorphic to the category of cocomplete cocategories.

Remark 2. A cocategory C is counital if it is equipped with a morphism ε : C → k Ob C in Q/ Ob C such that the two counit equations hold. Note that, for an arbitrary set S, the k-quiver kS admits the natural structure of a counital cocategory, namely the comultiplication is the canonical isomorphism kS^∼−→ kS ⊗ kS in Q/S and the counit is the identity map kS → kS. An augmented cocategory is a counital cocategory endowed with a morphism of counital cocategories η : k Ob C → C such that Ob η = id_{Ob C} and ε ∘ η = id_{k Ob C} . A morphism of augmented cocategories is a cocategory homomorphism compatible with the counit and the augmentation. The category of augmented cocategories is equivalent to the category of cocategories [1, Lemma 8.12]: given a cocategory (A, Δ), there is the natural structure of an augmented cocategory on the k-quiver T^{⩽1}A = k Ob A ⊕ A, where the counit and the augmentation are the projection ε = pr_0 : T^{⩽1}A → k Ob A and the inclusion η = in_0 : k Ob A → T^{⩽1}A respectively, and the comultiplication is given by the formulas

Δ|_{k Ob A} = [ k Ob A^∼−→ k Ob A ⊗ k Ob A^{in0 ⊗ in0}−−−−−→ T^{⩽1}A ⊗ T^{⩽1}A ] , Δ|_A = [ A^∼−→ A ⊗ k Ob A^{in1 ⊗ in0}−−−−−→ T^{⩽1}A ⊗ T^{⩽1}A ] + [ A^Δ−→ A ⊗ A^{in1 ⊗ in1}

−−−−−→ T^{⩽1}A ⊗ T^{⩽1}A ] + [ A^∼−→ k Ob A ⊗ A^{in0 ⊗ in1}−−−−−→ T^{⩽1}A ⊗ T^{⩽1}A ] . Conversely, given an augmented cocategory (C, Δ, ε, η), the reduced k-quiver C = Ker ε becomes a cocategory. The functors A → T^{⩽1}A and C → C are quasi-inverse equivalences. By definition, an augmented cocategory C is cocomplete if its reduction C is cocomplete. Thus the category of cocomplete cocategories is equivalent to the category of cocomplete augmented cocategories.

The above definitions admit obvious graded and differential graded variants. For instance, a graded (resp. differential graded) k-quiver A consists of a set of objects Ob A and of graded k-modules (resp. cochain complexes of k-modules) A(X, Y ), for each pair of objects X, Y ∈ Ob A. A morphism of graded (resp. differential graded) k-quivers f : A → B consists of a map Ob f : Ob A → Ob B, X → f(X), and of morphisms of graded k-modules of degree 0 (resp. cochain maps)

f = f_{X,Y} : A(X, Y ) → B(f(X), f(Y )),

for each pair of objects X, Y ∈ Ob A. The tensor product of quivers with the same set of objects is defined analogously to the considered case, using tensor product of graded k-modules (resp. of cochain complexes). The definitions of cocategory, cocategory homomorphism etc. are modified accordingly.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 90

3. Subcocategory generated by a set of objects

Let C be a cocomplete cocategory, B ⊂ C a full subquiver, i.e., Ob B ⊂ Ob C and B(X, Y ) = C(X, Y ), for each pair of objects X, Y ∈ Ob B. Then, in general, B is not a cocategory since the comultiplication Δ : C(X, Z) → ⨁ Y ∈Ob C

C(X, Y ) ⊗ C(Y, Z)

does not take values in ⨁ Y ∈Ob B C(X, Y ) ⊗ C(Y, Z) if X, Z ∈ Ob B. However, at

least if k is a field, for each subset S ⊂ Ob C there exists a maximal cocomplete subcocategory C_S ⊂ C such that Ob C_S = S. It is constructed as follows. For a pair of objects X, Y ∈ S, denote

N (X, Y ) =

Z_1 ,...,Z_{n−1}∈Ob C, n⩾1 ⨁ ∃i : Z_i∉S

C(X, Z_1) ⊗ C(Z_1, Z_2) ⊗ · · · ⊗ C(Z_{n−1}, Y ),

and define a k-linear map N = N_{X,Y} : C(X, Y ) → N (X, Y ) by N = Z_1 ,...,Z_{n−1}∈Ob C, n⩾1 ∑ ∃i : Z_i ∉S

Δ^{(n)}_{X,Z1,...,Zn−1,Y} .

For each t ∈ C(X, Y ), the sum in the right hand side is finite since C is cocomplete. Let C_S (X, Y ) = Ker N, so that we have an exact sequence of k-vector spaces: 0 → C_S (X, Y )^ι−→ C(X, Y )^N−→ N (X, Y ).

Choose a splitting π : C(X, Y ) → C_S (X, Y ) such that π ∘ ι = id_{CS (X,Y )}. Suppose that X, Y, Z ∈ S. Then the composite [ C_S (X, Z)^ι−→ C(X, Z)^{ΔX,Y,Z}−−−−−→ C(X, Y ) ⊗ C(Y, Z)^{N⊗1}−−−→ N (X, Y ) ⊗ C(Y, Z) ] vanishes. Indeed, by coassociativity, (N ⊗ 1) ∘ Δ_{X,Y,Z} equals

Z_1,...,Z_{n−1}∈Ob C, n⩾1 ∑ ∃i : Z_i ∉S

(Δ^{(n)}_{X,Z1 ,...,Zn−1,Y} ⊗ 1) ∘ Δ_{X,Y,Z}

= Z_1 ,...,Z_{n−1}∈Ob C, n⩾1 ∑ ∃i : Z_i ∉S

Δ^{(n+1)}

X,Z_1 ,...,Z_{n−1},Y,Z :

C(X, Z) →

Z_1 ,...,Z_{n−1}∈Ob C, n⩾1 ⨁ ∃i : Z_i∉S

C(X, Z_1) ⊗ C(Z_1, Z_2) ⊗ · · · ⊗ C(Z_{n−1}, Y ) ⊗ C(Y, Z).

It follows from the definition of ι that Δ^{(k)}_{X,U1 ,...,Uk−1,Y} ∘ ι = 0, for an arbitrary sequence of objects U_1, . . . , U_{k−1} ∈ Ob C such that U_i ∉ S for some i. Therefore (N ⊗ 1) ∘ Δ_{X,Y,Z} ∘ ι = 0. Since the sequence

0 → C_S(X, Y ) ⊗ C(Y, Z)^{ι⊗1}−−→ C(X, Y ) ⊗ C(Y, Z)^{N⊗1}−−−→ N (X, Y ) ⊗ C(Y, Z)

Journal of Homotopy and Related Structures, vol. 2(1), 2007 91

is exact, the composite Δ_{X,Y,Z} ∘ ι factors through C_S (X, Y ) ⊗ C(Y, Z). In other words, there exists a unique k-linear map ϕ: C_S (X, Z) → C_S (X, Y ) ⊗ C(Y, Z) such that (ι ⊗ 1) ∘ ϕ = Δ_{X,Y,Z} ∘ ι. Since ι ⊗ 1 is an embedding split by π ⊗ 1, the map ϕ is necessarily given by the composite [ C_S (X, Z)^ι−→ C(X, Z)^{ΔX,Y,Z}−−−−−→ C(X, Y ) ⊗ C(Y, Z)^{π⊗1}−−−→ C_S(X, Y ) ⊗ C(Y, Z) ] . In particular, the equation (ι ⊗ 1) ∘ ϕ = Δ_{X,Y,Z} ∘ ι takes the form

(ι ∘ π ⊗ 1) ∘ Δ_{X,Y,Z} ∘ ι = Δ_{X,Y,Z} ∘ ι: C_S(X, Z) → C(X, Y ) ⊗ C(Y, Z). (3) Similarly, the following equation holds true:

(1 ⊗ ι ∘ π) ∘ Δ_{X,Y,Z} ∘ ι = Δ_{X,Y,Z} ∘ ι: C_S(X, Z) → C(X, Y ) ⊗ C(Y, Z). (4) Combining these equations yields

(ι ⊗ ι) ∘ (π ⊗ π) ∘ Δ_{X,Y,Z} ∘ ι = Δ_{X,Y,Z} ∘ ι: C_S (X, Z) → C(X, Y ) ⊗ C(Y, Z). Define

Δ^′_{X,Y,Z} = [ C_S (X, Z)^ι−→ C(X, Z)^{ΔX,Y,Z}−−−−−→

C(X, Y ) ⊗ C(Y, Z)^{π⊗π}−−−→ C_S (X, Y ) ⊗ C_S(Y, Z) ] . (5) Then the above equation is equivalent to (ι⊗ι)∘Δ^′_{X,Y,Z} = Δ_{X,Y,Z} ∘ι. Coassociativity of Δ^′ follows from coassociativity of Δ since

(ι ⊗ ι ⊗ ι) ∘ (Δ^′ ⊗ 1) ∘ Δ^′ = (Δ ⊗ 1) ∘ (ι ⊗ ι) ∘ Δ^′ = (Δ ⊗ 1) ∘ Δ ∘ ι = (1 ⊗ Δ) ∘ Δ ∘ ι = (1 ⊗ Δ) ∘ (ι ⊗ ι) ∘ Δ^′ = (ι ⊗ ι ⊗ ι) ∘ (1 ⊗ Δ^′) ∘ Δ^′, and ι ⊗ ι ⊗ ι is an embedding split by π ⊗ π ⊗ π. Thus, C_S becomes a cocategory. The quiver map ι: C_S → C with Ob ι: S → Ob C is a cocategory homomorphism. Indeed, it was shown above that equation (1) holds true for X, Y, Z ∈ S. If X, Z ∈ S, Y ∈ Ob C ∖ S, then Δ_{X,Y,Z} ∘ ι = 0 by the definition of C_S , therefore equation (1) is satisfied in this case as well. By (2), the equation ι^{⊗n} ∘ Δ^{′(n)}_{X,Z1,...,Zn−1,Y} = Δ^{(n)}_{X,Z1 ,...,Zn−1,Y} ∘ ι holds true, for all X, Z_1, . . . , Z_{n−1}, Y ∈ S. This implies that the cocategory C_S is cocomplete: given an element t ∈ C_S (X, Y ), there is n � 1 such that Δ^{(n)}_{X,Z1 ,...,Zn−1,Y} ∘ι(t) = 0, for an arbitrary collection of objects Z_1, . . . , Z_{n−1} ∈ Ob C. Since ι^{⊗n} is an embedding split by π^{⊗n}, it follows that Δ^{′(n)}_{X,Z1 ,...,Zn−1,Y} (t) = 0 for all Z_1, . . . , Z_{n−1} ∈ S.

Proposition 1 (Universal property of C_S ). An arbitrary cocategory homomorphism h: B → C with h(Ob B) ⊂ S factors uniquely through C_S .

Proof. It follows from equation (2) that Δ^{(n)}_{h(X),U1,...,Un−1,h(Y )} ∘ h = 0 if U_i ∉ S for some i, thus N ∘ h = 0: B(X, Y ) → N (h(X), h(Y )), for each pair X, Y ∈ Ob B. Therefore, h: B(X, Y ) → C(h(X), h(Y )) factors through C_S (h(X), h(Y )), i.e., there exists a unique linear map h = h_{X,Y} : B(X, Y ) → C_S (h(X), h(Y )) such that ι ∘ h = h. The quiver map h: B → C_S with Ob h = Ob h: Ob B → S is a cocategory

Journal of Homotopy and Related Structures, vol. 2(1), 2007 92

homomorphism since

(ι ⊗ ι) ∘ Δ^′ ∘ h = Δ ∘ ι ∘ h = Δ ∘ h = (h ⊗ h) ∘ Δ = (ι ⊗ ι) ∘ (h ⊗ h) ∘ Δ,

and ι ⊗ ι is an embedding split by π ⊗ π. Uniqueness of h is obvious.

Remark 3. The same construction makes sense in graded and differential graded contexts. The proofs transport literally except the following subtlety in the case of differential graded cocategories: in general, the embedding ι : C_S (X, Y ) → C(X, Y ) does not admit a splitting which is a cochain map. Nevertheless, the argument can be modified as follows. Choose a splitting π : C(X, Y ) → C_S (X, Y ) of graded k-modules. Since ι is a cochain map, i.e., d ∘ ι = ι ∘ d, it follows that the differential in C_S (X, Y ) is necessarily given by the composite d = [ C_S (X, Y )^ι−→ C(X, Y )^d−→ C(X, Y )^π−→ C_S (X, Y ) ] . In particular, the commutation relation d ∘ ι = ι ∘ d takes the form

ι ∘ π ∘ d ∘ ι = d ∘ ι : C_S (X, Y ) → C(X, Y ).

Then the comultiplication Δ^′ given by (5) is a cochain map. Indeed,

Δ^′ ∘ d = (π ⊗ π) ∘ Δ ∘ ι ∘ π ∘ d ∘ ι = (π ⊗ π) ∘ Δ ∘ d ∘ ι.

On the other hand,

(1 ⊗ d + d ⊗ 1) ∘ Δ^′ =(1 ⊗ π ∘ d ∘ ι + π ∘ d ∘ ι ⊗ 1) ∘ (π ⊗ π) ∘ Δ ∘ ι =(π ⊗ π) ∘ (1 ⊗ d) ∘ (1 ⊗ ι ∘ π) ∘ Δ ∘ ι +(π ⊗ π) ∘ (d ⊗ 1) ∘ (ι ∘ π ⊗ 1) ∘ Δ ∘ ι =(π ⊗ π) ∘ (1 ⊗ d + d ⊗ 1) ∘ Δ ∘ ι

due to equations (3) and (4). Since Δ is a cochain map, it follows that Δ^′ ∘ d = (1 ⊗ d + d ⊗ 1) ∘ Δ^′, thus (C_S , Δ^′) is a differential graded cocategory. The further arguments remain unchanged.

4. Proof of Theorem 1.

Let C, D be cocomplete cocategories, f, g : C → D cocategory homomorphisms. Denote S = {X ∈ Ob C|f(X) = g(X)}. Suppose h: B → C is a cocategory homomorphism such that f ∘ h = g ∘ h. Then for each W ∈ Ob B, f(h(W )) = g(h(W )), therefore h(Ob B) ⊂ S. By the universal property of the cocategory C_S there exists a unique cocategory homomorphism h: B → C_S such that ι ∘ h = h. Therefore, it suffices to construct an equalizer of the pair of cocategory homomorphisms f∘ι, g∘ι: C_S → D. Thus, we may assume without loss of generality that Ob f = Ob g. Let us construct an equalizer

E^e−→ C^f⇒_g D

Journal of Homotopy and Related Structures, vol. 2(1), 2007 93

in the category of cocomplete cocategories. Put Ob E = Ob C. For X, Y ∈ Ob C, denote by M(X, Y ) the k-vector space p,q⩾0⨁

X=X_0 ,X_1,...,X_p∈Ob C Y_0,...,Y_{q−1} ,Y_q =Y ∈Ob C

C(X, X_1) ⊗ · · · ⊗ C(X_{p−1}, X_p) ⊗ D(f(X_p), f(Y_0))

⊗ C(Y_0, Y_1) ⊗ · · · ⊗ C(Y_{q−1}, Y ).

Define a k-linear map R : C(X, Y ) → M(X, Y ) by R = p,q⩾0∑

X=X_0 ,X_1,...,X_p∈Ob C Y_0 ,...,Y_{q−1} ,Y_q =Y ∈Ob C

(1^{⊗p} ⊗ (f − g) ⊗ 1^{⊗q}) ∘ Δ^{(p+1+q)}_{X,X1 ,...,Xp,Y0,...,Yq−1 ,Y} .

It is well defined since C is cocomplete. Let E(X, Y ) = Ker R, so that we have an exact sequence 0 → E(X, Y )^e−→ C(X, Y )^R−→ M(X, Y ).

Choose a splitting p: C(X, Y ) → E(X, Y ) such that p ∘ e = id_{E(X,Y )}. Suppose that X, Y, Z ∈ Ob C. Then the composite [ E(X, Z)^e−→ C(X, Z)^{ΔX,Y,Z}−−−−−→ C(X, Y ) ⊗ C(Y, Z)^{R⊗1}−−−→ M(X, Y ) ⊗ C(Y, Z) ] vanishes. Indeed, by coassociativity, the composite (R ⊗ 1) ∘ Δ_{X,Y,Z} equals p,q⩾0∑

X=X_0 ,X_1,...,X_p∈Ob C Y_0,...,Y_{q−1} ,Y_q =Y ∈Ob C

(1^{⊗p} ⊗ (f − g) ⊗ 1^{⊗q+1})

∘ (Δ^{(p+1+q)}

X,X_1 ,...,X_p,Y_0,...,Y_{q−1} ,Y ⊗ 1) ∘ ΔX,Y,Z = p,q⩾0∑

X=X_0 ,X_1,...,X_p∈Ob C Y_0,...,Y_{q−1} ,Y_q =Y ∈Ob C

(1^{⊗p} ⊗ (f − g) ⊗ 1^{⊗q+1}) ∘ Δ^{(p+1+q+1)}

X,X_1 ,...,X_p,Y_0,...,Y_{q−1} ,Y,Z :

C(X, Z) → p,q⩾0⨁

X=X_0 ,X_1 ,...,X_p∈Ob C Y_0 ,...,Y_{q−1} ,Y_q =Y ∈Ob C

C(X, X_1) ⊗ · · · ⊗ C(X_{p−1}, X_p) ⊗ D(f(X_p), f(Y_0))

⊗ C(Y_0, Y_1) ⊗ · · · ⊗ C(Y_{q−1}, Y ) ⊗ C(Y, Z). It follows from the definition of E that (1^{⊗p} ⊗ (f − g) ⊗ 1^{⊗q+1}) ∘ Δ^{(p+1+q+1)}

X,X_1 ,...,X_p,Y_0,...,Y_{q−1} ,Y,Z ∘ e = 0,

for all X, X_1, . . . , X_p, Y_0, . . . , Y_{q−1}, Y, Z ∈ Ob C, therefore (R ⊗ 1) ∘ Δ_{X,Y,Z} ∘ e = 0. Since the sequence

0 → E(X, Y ) ⊗ C(Y, Z)^{e⊗1}−−→ C(X, Y ) ⊗ C(Y, Z)^{R⊗1}−−−→ M(X, Y ) ⊗ C(Y, Z)

Journal of Homotopy and Related Structures, vol. 2(1), 2007 94 is exact, it follows that the map Δ_{X,Y,Z} ∘ e factors through E(X, Y ) ⊗ C(Y, Z). In other words, there exists a unique k-linear map ψ : E(X, Z) → E(X, Y ) ⊗ C(Y, Z) such that (e ⊗ 1) ∘ ψ = Δ_{X,Y,Z} ∘ e. Since e ⊗ 1 is an embedding split by p ⊗ 1, the map ψ is necessarily given by the composite [ E(X, Z)^e−→ C(X, Z)^{ΔX,Y,Z}−−−−−→ C(X, Y ) ⊗ C(Y, Z)^{p⊗1}−−→ E(X, Y ) ⊗ C(Y, Z) ] . In particular, the equation (e ⊗ 1) ∘ ψ = Δ_{X,Y,Z} ∘ e takes the form (e ∘ p ⊗ 1) ∘ Δ_{X,Y,Z} ∘ e = Δ_{X,Y,Z} ∘ e: E(X, Z) → C(X, Y ) ⊗ C(Y, Z).

Similarly, the following equation holds true:

(1 ⊗ e ∘ p) ∘ Δ_{X,Y,Z} ∘ e = Δ_{X,Y,Z} ∘ e: E(X, Z) → C(X, Y ) ⊗ C(Y, Z). Combining these equations yields

(e ⊗ e) ∘ (p ⊗ p) ∘ Δ_{X,Y,Z} ∘ e = Δ_{X,Y,Z} ∘ e: E(X, Z) → C(X, Y ) ⊗ C(Y, Z). Define Δ̃_{X,Y,Z} = [E(X, Z)^e−→ C(X, Z)^{ΔX,Y,Z}−−−−−→ C(X, Y ) ⊗ C(Y, Z)^{p⊗p}−−→ E(X, Y ) ⊗ E(Y, Z)]. As in the case of C_S , one shows that Δ̃ turns E into a cocomplete cocategory, and that e becomes a cocategory homomorphism.

Suppose h: B → C is a cocategory homomorphism such that f ∘ h = g ∘ h. Then R ∘ h = 0: B(X, Y ) → M(h(X), h(Y )). Indeed, by identity (2)

Δ^{(p+1+q)}

h(X),X_1,...,X_p,Y_0 ,...,Y_{q−1} ,h(Y ) ∘ h = h(U_1)=X_1 ,...,h(U_p)=X_p ∑ h(V_0)=Y_0,...,h(V_{q−1} )=Y_{q−1}

(h_{X,U1} ⊗ · · · ⊗ h_{Up,V0} ⊗ · · · ⊗ h_{Vq−1 ,Y} )

∘ Δ^{(p+1+q)}

X,U_1 ,...,U_p,V_0 ,...,V_{q−1} ,Y .

It follows that

R ∘ h =

h(U_1)=X_1 ,...,h(U_p)=X_p ∑ h(V_0)=Y_0 ,...,h(V_{q−1} )=Y_{q−1}

(h^{⊗p} ⊗ (f − g) ∘ h ⊗ h^{⊗q} ) ∘ Δ^{(p+1+q)}_{X,U1 ,...,Up,V0,...,Vq−1 ,Y} =0, for X_1, . . . , X_p, Y_0, . . . , Y_{q−1} ∈ Ob C. Therefore h: B(X, Y ) → C(h(X), h(Y )) factors through e: E(h(X), h(Y )) → C(h(X), h(Y )), i.e., h = e ∘ j for some k-linear map j : B(X, Y ) → E(h(X), h(Y )). The morphism of k-quivers j : B → E with Ob j = Ob h is a cocategory homomorphisms since

(e ⊗ e) ∘ (j ⊗ j) ∘ Δ = (h ⊗ h) ∘ Δ = Δ ∘ h = Δ ∘ e ∘ j = (e ⊗ e) ∘ Δ ∘ j, and e ⊗ e is an embedding split by p ⊗ p. Uniqueness of j is obvious since e is an embedding.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 95

Remark 4. The theorem is true for cocomplete graded (resp. differential graded) cocategories as well, with appropriate modifications in the proof similar to those made in Remark 3.

Remark 5. The same proof shows the existence of equalizers in the category of cocomplete coalgebras, which are just cocategories with only one object. The intermediate step described in Section 3 becomes superfluous.

References

[1] Yuri Bespalov, V. V. Lyubashenko, and Oleksandr Manzyuk, Closed multicategory of pretriangulated A_∞-categories, book in progress, 2006,

http://www.math.ksu.edu/∼lub/papers.html.

[2] Vladimir G. Drinfeld, DG quotients of DG categories, J. Algebra 272 (2004), no. 2, 643–691, math.KT/0210114.

[3] Kenji Fukaya, Morse homotopy, A_∞-category, and Floer homologies, Proc. of GARC Workshop on Geometry and Topology ’93 (H. J. Kim, ed.), Lecture Notes, no. 18, Seoul Nat. Univ., Seoul, 1993, pp. 1–102,

http://www.math.kyoto-u.ac.jp/∼fukaya/fukaya.html.

[4] , Floer homology and mirror symmetry. II, Minimal surfaces, geometric analysis and symplectic geometry (Baltimore, MD, 1999), Adv. Stud. Pure Math., vol. 34, Math. Soc. Japan, Tokyo, 2002, pp. 31–127.

[5] Ezra Getzler and John D. S. Jones, Operads, homotopy algebra, and iterated integrals for double loop spaces, 1994, hep-th/9403055.

[6] J. A. Green, Locally finite representations, J. Algebra 41 (1976), 137–171.

[7] Alastair Hamilton and Andrey Lazarev, Homotopy algebras and noncommutative geometry, 2004, math.QA/0410621.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 96

[8] Vladimir Hinich, Tamarkin’s proof of Kontsevich formality theorem, Forum Math. 15 (2003), no. 4, 591–614, math.QA/0003052.

[9] Tornike V. Kadeishvili, The structure of the A(∞)-algebra, and the Hochschild and Harrison cohomologies, Proc. of A. Razmadze Math. Inst. 91 (1988), 20–27, math.AT/0210331.

[10] Masaki Kashiwara and Pierre Schapira, Categories and sheaves, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 332, Springer-Verlag, Berlin, 2005.

[11] Bernhard Keller, Introduction to A-infinity algebras and modules, Homology, Homotopy and Applications 3 (2001), no. 1, 1–35, math.RA/9910179,

http://intlpress.com/HHA/v3/n1/a1/.

[12] , A-infinity algebras, modules and functor categories, 2005,

math.RT/0510508.

[13] , On differential graded categories, contribution to the Proceedings of the ICM 2006, math.KT/0601185.

[14] Maxim Kontsevich, Homological algebra of mirror symmetry, Proc. Internat. Cong. Math., Zürich, Switzerland 1994 (Basel), vol. 1, Birkhäuser Verlag, 1995, pp. 120–139, math.AG/9411018.

[15] , Triangulated categories and geometry, Course at the École Normale Supériure, Paris, March and April 1998, available at

http://www.math.uchicago.edu/∼arinkin/.

[16] Maxim Kontsevich and Yan S. Soibelman, Deformations of algebras over operads and Deligne’s conjecture, Conférence Moshé Flato 1999, Vol. I (Dijon), Math. Phys. Stud., vol. 21, Kluwer Academic Publishers, Dordrecht, 2000, pp. 255–307, math.QA/0001151.

[17] , Notes on A-infinity algebras, A-infinity categories and noncommutative geometry. I, 2006, math.RA/0606241.

[18] Kenji Lefèvre-Hasegawa, Sur les A_∞-catégories, Ph.D. thesis, Université Paris 7, U.F.R. de Mathématiques, 2003, math.CT/0310337.

[19] V. V. Lyubashenko, Category of A_∞-categories, Homology, Homotopy and Applications 5 (2003), no. 1, 1–48, math.CT/0210047,

http://intlpress.com/HHA/v5/n1/a1/.

[20] V. V. Lyubashenko and Serge A. Ovsienko, A construction of quotient A_∞-categories, Homology, Homotopy and Applications 8 (2006), no. 2, 157–203, math.CT/0211037, http://intlpress.com/HHA/v8/n2/a9/.

[21] Dmitry E. Tamarkin, Another proof of M. Kontsevich formality theorem, 1998, math.QA/9803025.

[22] Bertrand Toën, The homotopy theory of dg-categories and derived Morita theory, 2004, math.AG/0408337.

Journal of Homotopy and Related Structures, vol. 2(1), 2007 97

[23] Alexander A. Voronov and Murray Gerstenhaber, Higher operations on the Hochschild complex, Functional Anal. Appl. 29 (1995), no. 1, 1–6.

This article may be accessed via WWW at http://jhrs.rmi.acnet.ge

Bernhard Keller

keller@math.jussieu.fr

UFR de Mathématiques UMR 7586 du CNRS Case 7012 Université Paris 7 2 place Jussieu 75251 Paris Cedex 05 France

Oleksandr Manzyuk

manzyuk@mathematik.uni-kl.de

Fachbereich Mathematik Technische Universität Kaiserslautern Postfach 3049 Germany